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This paper presents the second part of a study on the elementary objects of the ID Hubbard model 
that emerge from the interplay of its global symmetry with the exact Bethe-ansatz (BA) solution. 
Here we introduce and study the corresponding scattering theory and its scatterers and scattering 
centers that naturally emerge from the present formulation elementary objects. The theory refers 
to the excited states of ground states with arbitrary values of the densities and finite repulsive 
interaction. The occurrence of only zero-momentum forward-scattering results from the infinite 
number of conservation laws associated with the model integrability in the BA solution subspace. 
The unbound spinons and unbound 77-spinons whose occupancies generate the energy eigenstates 
outside the BA solution subspace are found to be neither scatterers nor scattering centers. Those 
are rather the c pseudofermions and composite spin-neutral 2!/-spinon pseudofermions and jy-spin- 
neutral 2^-77-spinon pseudofermions. Here v = 1,2,... is the number of spinon or r/-spinon pairs. 
Their discrete momentum values are slightly shifted relative to those of the c fermions, sv fermions, 
and r\v fermions introduced in the first paper. Otherwise, they have exactly the same properties. 
Each ground-state - excited-state transition is associated with a well defined set of elementary zero- 
momentum forward-scattering events. The pseudofermion scatterers dressed S matrix is expressed 
as a commutative product of S matrices, each corresponding to an elementary two-pseudofermion 
scattering event. This commutative factorization is stronger than the factorization associated with 
Yang-Baxter equation for the original spin- 1/2 electron bare S matrix. The momentum dependence 
of the exponents characterizing the finite-energy correlation function singularities of the metallic 
phases of a wide class of ID integrable and non-integrable systems is in the present exactly solvable 
model found to be fully controlled by the phase shifts and corresponding dressed 5* matrix introduced 
in this paper. Furthermore, we find that the elementary spin and charge currents carried by the 
present formulation elementary objects are controlled by the dressed phase shifts. The relation of 
the elementary objects considered here and in the first paper to the traditional holon and spinon 
descriptions is clarified. Our study confirms that there is no contradiction whatsoever between those 
and the present formulation. The latter is normal ordered relative to the electron and rotated- 
electron vacuum, whereas the traditional holon and spinon descriptions are normal ordered relative 
to an initial ground state. They refer to a different basis of scattering states and thus a different 
choice of scatterers and scattering centers. The possibility of such distinct basis choices stems 
from the degeneracy of the excited energy eigenstates that span the subspaces of the corresponding 
scattering theories. The consequences of the elementary objects choice for the description of the 
microscopic processes that control the model dynamical and spectral properties is also investigated. 

PACS numbers: 03.65.Ca, 71.10.Pm, 71.27.+a, 03.65.Nk 

I. INTRODUCTION 

Since the ID Hubbard model Bethe-ansatz (B A) solution is exact , most results of studies by means of that 
solution are correct independently of the choice of elementary objects whose occupancy configurations generate the 
model excitations. However, the operational definition of these elementary objects in terms of the original electron 
operators and how do they scatter with each other are two issues of highest importance for the physical interpretation 
of such results. The studies of the first paper, Ref. focus on the former issue. In this paper we handle the second 
issue, which concerns the properties of the scatterers and scattering centers that emerge from the c fermions, spinons, 
and ^-spinons of the operator formulation introduced in the first paper. We find that it leads to a uniquely defined 
choice of scattering states basis. Such states are found to be in one-to-one correspondence to the excited energy 
eigenstates of ground states with arbitrary values of the electronic and spin densities and finite repulsive interaction. 

Our results reveal that due to the degeneracy of the energy spectrum of excited energy eigenstates of ground states 
with zero spin density and/or electronic density one (half filling) there are for the subspaces spanned by such states 
distinct choices of scattering states. Furthermore, as further discussed below we show that the choices of scattering 
states other than that of the pseudofermion scattering theory introduced in this paper refer to the scattering theories 
previously introduced in the literature. The validity of such theories is though limited to the above subspaces for 
which there are degeneracies that allow the use of alternative choices of scattering states and thus of scatterers and 
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scattering centers. However, the major advantage of the scattering theory introduced in this paper is found to refer 
to the explicit description of the microscopic processes that control the model dynamical and spectral properties. 
Such an advantage follows form that theory accounting for both the phase shifts of the scatterers that pre-exist in the 
initial ground state and those that are created under the transitions from it to the excited states. Other scattering 
theories account only for the latter phase shifts. 

Indeed, recently there has been a renewed interest on the dynamical and spectral properties of ID correlated 
systems, particularly for finite energy, where methods beyond linear Luttinger-liquid theory Q are now available. 
This includes the pseudofermion dynamical theory (PDT) for the ID Hubbard model, which is a generalization 
to arbitrary values of the repulsive interaction of the large- interaction method of Ref. jlOj . as well as alternative 
methods valid for both integrable and non-integrable ID correlated problems [llMlq ], (While above finite energy 
means an energy larger than the typical linear Luttinger-liquid theory excitation energy, in this paper finite energy 
often refers to both low energy and high energy in the sense that there are no restrictions to its values, unlike in that 
theory.) 

One of our goals is the description of the scattering mechanisms behind the exotic dynamical and spectral properties 
studied within the PDT. Such a description is much simpler in terms of the scattering of the scatterers and scattering 
centers that emerge naturally from the elementary objects of the present formulation than in terms of electronic 
scattering. Indeed, the occupancy configurations that generate the energy eigenstates are much simpler in terms 
of such elementary objects than of the original electrons. The simplicity of the scattering events studied in this 
paper directly profits from the occurrence of an infinite number of conservation laws [l9l - [2l| associated with the ID 
Hubbard model integrability [H-Q- Consistent with the elementary objects of the present formulation emerging from 
the interplay of the model global symmetry with its exact BA solution, such conservation laws are explicit in the 
scattering theory introduced in this paper, in that its scatterers and scattering centers only undergo zero-momentum 
forward scattering. 

The studies of this paper confirm that such scattering events play a major role in the model dynamical and spectral 
properties. Specifically, the corresponding dressed 5 matrix phase shifts determine and control the momentum, 
interaction, and density dependence of the correlation-function exponents associated with the finite-energy behavior 
described in the metallic phase by the PDT Our present study reveals that indeed the microscopic scattering 

processes behind the corresponding finite-energy spectral properties are simple in terms of the elementary objects of 
the present operational formulation. Moreover, the elementary spin and charge currents are found to be controlled 
by the scattering theory phase shifts. The exotic finite-ener gy behavior first found for the ID Hubbard model by 
the PDT is similar to that predicted by the studies of Refs. [Ill - [l3j . Those use a method valid for a wider class of 
both integrable and non-integrable ID correlated systems. From the relation of the PDT to the scattering theory 
introduced in the following, one confirms that the corresponding exotic scattering centers of the ID Hubbard model 
are observed by angle-resolved photoelectron spectroscopy in quasi- ID metals [22h24| . The model describes as well 
the effects of correlations in semiconductor - metal transitions of doped quasi- ID materials [25| and is of interest for 
systems of ultra-cold atoms on ID optical lattices |2q . 

The scattering theory introduced in this paper goes beyond the BA solution, in that it accounts for both excited 
states inside and outside that solution subspace, which is spanned by the Bethe states. The latter energy eigenstates 
can be either lowest-weight states (LWSs) or highest-weight states (HWSs) of the 77-spin and spin SU(2) algebras 
[27l ]. The 77-spin (and spin) and 77-spin projection (and spin projection) of the energy eigenstates are denoted by 5,, 
and 5* 3 (and S s and 5f 3 ), respectively. The S a and values of the LWSs and HWSs are such that S a = -S* 3 
and S a = 5^ 3 , respectively. Here a = rj for 77-spin and a = s for spin. We use the BA solution LWS representation, 
alike in the first paper. 

The two global SU(2) symmetries of the Hubbard model on a bipartite lattice, including the present ID lattice, have 
been known for a long time [H,[2^]. For about twenty years [3(| it was believed that for finite on-site interaction values 
the model global symmetry was 50(4) — [5/7(2) <g) 5/7(2)] /Z2. The studies of Ref. [31| reveal that the global symmetry 
of the Hubbard model on a bipartite lattice is larger: It is given by [50(4) <g> U(l)]/Z 2 = SO (3) <8> 50(3) <8> U(l). As 
discussed in the first paper, the occurrence of a global c hidden 17(1) symmetry beyond 50(4) must be accounted 
for in studies of the Hubbard model on any bipartite lattice, such as the ID lattice. That global symmetry may be 
rewritten as [5/7(2) x SU{2) x [/~(1)]/Zf. Indeed, it stems from the local gauge 5/7(2) x 517(2) x U(l) symmetry 
of the Hubbard model on a bipartite lattice with vanishing transfer integral, t = 32]. For finite U and t values 
the latter local symmetry becomes a group of permissible unitary transformations. The corresponding local U(l) 
canonical transformation is not the ordinary gauge /7(1) subgroup of clcctromagnctism. It is rather a "nonlinear" 
transformation (32j. 

It is confirmed in the first paper that the BA solution accounts for the quantum number occupancy configurations 
that generate the representations of the c hidden U(l) symmetry algebra in [5/7(2) <S> 5/7(2) (§) U(l)]/Z% = [50(4) ® 
U(l)]/Z2 beyond 50(4). Furthermore, the energy eigenstates outside the BA solution subspace are found to have 
exactly the same c hidden U(l) symmetry algebra representations quantum number occupancy configurations as the 
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Bethe states from which they are generated by the off-diagonal 77-spin and spin operator algebras. This explains why 
there is no contradiction whatsoever between the global [SU(2) <g> SU(2) <g> j7(l)]/Z| = [SO (4) (g) U(l)]/Z 2 symmetry 
found in Ref. [3l[ for the Hubbard model on any bipartite lattice and the results of Ref. [27j , concerning the counting 
of the 4 Na energy eigenstates of the Hubbard model in the bipartite ID lattice. The studies of that reference have not 
explicitly considered the model c hidden U(l) symmetry algebra beyond 5*0(4), yet they have used the BA solution, 
which includes the quantum number occupancy configurations found in the first paper to generate the representations 
of the c hidden U(l) symmetry algebra. 

The studies of the first paper, Ref. ||, have profited from the relation of the ID Hubbard model global symmetry to 
its exact BA solution. The elementary objects considered in it emerge from an operator formulation that makes explicit 
such a global symmetry. The first step of their emergence is an electron - rotated-electron unitary transformation 
uniquely defined in that paper, which is directly related to such a symmetry. The generator of the global c hidden 
U(l) symmetry beyond 50(4) is the number of rotated-electron singly occupied sites operator, 

2S C = V^QV. (1) 

Here Q and the related operator D count the number of electron singly-occupied sites and doubly-occupied sites and 
read, 

Q = E 6j> (1 - fy,-a) 5 D = (N-Q)/2, (2) 

3 = 1 <r=t,4- 

respectively. Moreover, V is the electron - rotated-electron unitary operator, which is uniquely defined in the first 
paper within the complete basis generated by the model A Na energy and momentum eigenstates. The eigenvalues 
25 c = 0, 1, ... of the operator provided in Eq. (JTJ) refer to the number of rotated-electron singly occupied sites (3lj . 
The interplay of the BA solution with the model global symmetry was shown in the first paper to be consistent with 
the related object representation preliminarily considered in Refs. [33|,[34|. Furthermore, the objects of the general 
formulation introduced in the first paper are an extension to the whole Hilbert space of those of Refs. [H, Hfil for the 
low-energy subspace. 

The transformation laws of the former objects under the electron - rotated-electron unitary transformation play 
an important role in the identification of the scatterers and scattering centers of the theory introduced here. The 
latter are found in this paper to be the c pseudofcrmions and av pseudofermions. Here a — rj, s for 77-spin and 
spin, respectively, and v = l,...,oo. Except for a slight shift of their discrete momentum values, such objects have 
exactly the same properties as the corresponding c fermions and av fermions, respectively, from which they are 
generated. The studies of the first paper have revealed that the r\v fermions (and sv fermions) are 77-spin-neutral 
(and spin-neutral) composite objects containing v = 1, ...,00 pairs of ?7-spin-l/2 anti-bound 77-spinons with opposite 
77-spin projection (and of spin-1/2 bound spinons with opposite spin projection). An additional well-defined number 
of 77-spinons (and spinons) remains invariant under the electron - rotated-electron unitary transformation defined in 
that paper. Since they remain unbound, they are called unbound ±1/2 77-spinons (and unbound ±1/2 spinons). The 
values of the numbers M™ ±1 ^ of unbound ±1/2 77-spinons and M™± 1/2 of unbound ±1/2 spinons are fully controlled 
by the 77-spin S v and 77-spin projection 5^ 3 and spin S s and spin projection S* 3 , respectively, of the subspace or state 
under consideration as follows, 

= [M^_ 1/2 + M^ +1/2 ]=2S a - AC ±1/2 =[S aT ^]; a = r),s. (3) 

Thus the 77-spin S v , ?7-spin projection 5^ 3 , spin 5 S , and spin projection 5f 3 of an energy eigenstate are fully determined 
by the 77-unbound spinons and unbound spinons occupancies. For Bethe states with finite spin S s and/or 77-spin 5^ 
all unbound spinons and/or unbound 77-spinons have spin up and 77-spin up, respectively. 

Scattering theories of BA solvable models involve dressed 5 matrices |37H39j |. A property that simplifies the 
pseudofcrmion scattering theory introduced in this paper is that unbound 77-spinons and unbound spinons are found 
to be neither scatterers nor scattering centers. However, they play an important role in the model physics, in that they 
are found in this paper to fully control the effects of the transverse 77-spin and spin fluctuations onto the non-LWSs 
77-spin and spin currents, respectively. The latter processes generate the 77-spin and spin multiplet towers of non- 
LWSs, outside the BA solution subspace. In spite of at zero vector potential both the unbound spinons and unbound 
77-spinons being found to be neither scatterers nor scattering centers, they couple to uniform vector potentials. Such 
a coupling is behind their above effects onto the spin and 77-spin currents. That in the absence of uniform vector 
potentials they are neither scatterers nor scattering centers follows from their momentum values remaining the same 
for all energy eigenstates. This property results from their invariance under the electron - rotated-electron unitary 
transformation studied in the first paper. That invariance simplifies the extension of the present scattering theory to 
excited states outside the BA solution subspace. 
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The spin-1/2 unbound spinons and ?7-spm-l/2 unbound 77-spinons are the only elementary objects of the present 
operator formulation introduced in the first paper, Ref. [5J, that have internal degrees of freedom associated with 
the corresponding SU(2) algebras, but are neither scatterers nor scattering centers. All remaining elementary objects 
of that formulation are spin-neutral or 77-spin neutral composite objects or spin-less and 77-spin-less objects. The 
theory scatterers and scattering centers are slightly modified versions of the latter neutral or spin-less and 7/-spin-less 
elementary objects. Thus they have no internal degrees of freedom associated with spin or ?7-spin, so that their 
scattering is associated with fully diagonal dressed S matrices. In addition, the scatterers of the pseudofermion 
scattering theory include both objects created under the ground-state - excited-state transitions and those that pre- 
exist in the initial ground state. It is found in this paper that the phase shifts of both these two types of scatterers 
appear in the quantities that control the model dynamical and spectral properties. This is why the scattering theory 
introduced in this paper is suitable to describe such properties. On the other hand, the traditional holon and spinon 
scattering theories considered below account only for the phase shifts of the few scatterers created under the transitions 
to the excited states. Thus they miss many of the microscopic scattering events that contribute to the ID Hubbard 
model dynamical and spectral properties. 

The studies of this paper address the relation of the ID Hubbard model elementary objects of the formulation used 
here and in the first paper, Ref. @, to such traditional spinon and holon descriptions. As discussed in the latter 
paper, the elementary-object representations of the ID Hubbard model may be classified into two large groups. One 
of such groups refers to elementary-object descriptions normal ordered relative to the electron and rotated-electron 
vacuum, which is the case of the present formulation. The corresponding elementary-object occupancy configurations 
generate the energy eigenstates from the electron and rotated-electron vacuum. A second and more common group of 
elementary-object representations are normal ordered relative to a well-defined initial ground state. This includes the 
traditional spinon and holon descriptions @. The spin-1/2 color spinors introduced in Ref. [13] for the solvable ID 
Gross-Neveu model [38] whose spectrum is associated with a "hole" emerging under a transition from a S s = ground 
state to an excited state in a sequence of BA spin quantum numbers is an example of spin-1/2 spinons with no charge. 
The spin-1/2 spin waves introduced in Ref. [39| for the also BA solvable ID isotropic Heisenberg antifcrromagnetic 
model have a similar definition. 

The spin-1/2 spinon description of Refs. [40M44l | is a generalization for the ID Hubbard model of such spin-1/2 
objects. On the other hand, the traditional spinon and holon representations of that model are of two types in what 
the concept of a holon and an antiholon is concerned. Here we use as reference of such two alternative traditional 
holon and spinon descriptions those of Ref. [4(j and Refs. [41TJ43I ] . respectively. For those of which that of Ref. 
[4Cl ] is a representative, a holon and an antiholon refers to a "hole" and a "particle", respectively, created in the 
k'.s BA distribution of Ref. @ under the transition from a S s — ground state of arbitrary electronic density n 
to an excited state. Thus such descriptions refer to well-defined subspaces spanned by the excited states of ground 
states with arbitrary electronic density n and zero spin density, m = 0. On the other hand, for the descriptions of 
which that of Refs. [4ll443l | is a representative, a 77-spin-l/2 holon and a ?y-spin-l/2 antiholon is an excitation of the 
S s — 0; S v — 0; 2S C = N a absolute ground state with ?y-spin projection +1/2 and —1/2, respectively, associated with 
a "hole" created in the k'^s distribution of Ref. @ under the transition to an excited state. Hence such descriptions 
correspond to a well-defined subspace spanned by the excited states of that ground state. 

In the case of the ID Hubbard model, the possibility of using distinct elementary-object descriptions, such as that 
used here and those of Refs. [40M43l ] in terms of traditional holons and spinons, is found in this paper to follow from 
the possibility of making different choices of scattering states associated with the phase shifts extracted from the 
BA solution. For all the corresponding scattering theories the asymptotic scattering states must have a well-defined 
energy. This condition is fulfilled provided that such asymptotic scattering states refer to energy eigenstates of the 
ID Hubbard model. For finite repulsive interaction values, the degeneracy of the excited energy eigenstates of S s = 
(and = 0) ground states is confirmed in this paper to be behind the possibility of distinct choices of scattering 
states and thus of scatterers, scattering centers, and dressed S matrices. The unitary transformations relating the 
scattering states of the present elementary-object formulation to those of the traditional holons and spinons of the 
descriptions of Refs. [5o] and (4lTj43| is derived in this paper for the ID Hubbard model in subspaces in which 
the distinct scattering theories are valid. Such studies confirm that there is no contradiction whatsoever between 
the present elementary- object formulation and those in terms of traditional spinons and holons as defined in Refs. 

The Hubbard model Hamiltonian, under periodic boundary conditions, on a ID lattice with a site number N a 3> 1 
very large and even and in a chemical potential /i and magnetic field H is given by, 

H ii symm ^ ^ f^a S a , (4) 

0=1),* 
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where 

H symm = t[f + 4uV D ]; u = U/U; S* 3 = -i[JV„ - N] ; §? = - i [JV t - N±] , 

N a N a 

r = -EE [ c L + 4+i,<? ; = £ - 1/2) - 1/2) • (5) 

Here T is the kinetic-energy operator in units of t, Vd is the electron on-site repulsion operator in units of U , u = U /At 
is the electron on-site interaction in units of 4£, which is often used in this paper, \i c — 2/j, \i s = 2[IbH, /ib is the Bohr 
magneton, and S* 3 and are the diagonal generators of the 77-spin and spin SU(2) symmetry algebras [28l. [30|. 

respectively. The operator cj a (and Cj t<x ) that appears in the above equations creates (and annihilates) a spin- 
projection a electron at lattice site j = 1, N a . The operator hj t<7 — c] CT Cj )Cr counts the number of spin-projection 



a electrons at such a lattice site. The electronic number operators read N = Yla=f 1 an( l = Sj=i "7,^ 

The momentum operator is given by P — 53 CT =t 4. Sfc r v(&) fcj where the spin-projection <r momentum distribution 

operator reads n a {k) — c\ Ck,a and the operator c\ (and Ck,a) creates (and annihilates) a spin-projection a electron 
of momentum k. 

Throughout this paper we use in general units of both Planck constant h and lattice constant a one. We denote 
the electronic charge by e and the lattice length by L = N a a = N a . The LWSs have electronic densities n — N/L 
and spin densities m = [N^ — N±]/L whose ranges obey the inequalities < n < 1 and < m < n, respectively. 
The description of the states corresponding to densities such that 0<n<l ; 1 < n < 2 and —n < m < n ; 
— (2 — n) < m < (2 — n), respectively, is achieved by application onto the LWSs of off-diagonal generators of the f?-spin 
and spin SU (2) symmetry algebras. 

The paper is organized as follows: In Section|TI]it is found that a pseudofermion scattering theory and corresponding 
pseudofermion dressed S matrices naturally emerge from the operator formulation introduced in the first paper. The 
corresponding pseudofermion phase shifts are studied in Section IIIII In Section IIVI important issues concerning the 
effects of the pseudofermion transformation laws under the electron - rotated-electron unitary transformation on their 
scattering properties are addressed. The complementary roles played in the transport of spin by the sv pseudofermions 
(and c pseudofermions at finite spin densities, due to scattering events) on the one hand and the unbound spinons 
on the other hand is investigated in Section [V] In Section PVTl the relation to traditional holon and spinon scattering 
theories and corresponding dressed S matrices derived is investigated. Moreover, that section contains an analysis of 
the role played by the dressed S matrix of the present pseudofermion scattering theory in the metallic-phase finite- 
energy spectral distributions described by the PDT of Refs. 0, H[. Finally, the concluding remarks are given in 
Section IVlII Complementary useful information is provided in four appendices. 
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II. THE PSEUDOFERMION SCATTERING THEORY 



In this paper we use the index /3, which alike in the first paper refers both to the ft — c fcrmions and ft = av 
fermions. Here a — rj and a — s correspond to 77-spin and spin and v — 1,2, ...,00 to the number of 77-spinon and 
spinon pairs, respectively. 

In this section we introduce the ft fermion - ft pseudofermion unitary transformation and corresponding pseud- 
ofermion and pseudofermion-hole dressed S matrices. Pseudofermion and pseudofermion-hole dressed S matrices 
refer here merely to ft band occupied and unoccupied discrete momentum values, respectively. Symmetry implies 
that in spite of the spinons and 77-spinons having spin 1/2 and 77-spin 1/2, respectively, the scatterers and scattering 
centers of the present theory are spin-neutral and 77-spin-neutral objects. Consistent, our analysis of the problem 
follows the standard quantum non-relativistic scattering theory of spin- less particles [45[ . For simplicity and without 
loss in generality, in this section we consider densities in ranges defined by the inequalities < n < 1 and < m < n. 

In Appendix [S] some general results useful for the studies of this paper are introduced. That includes extension of 
some of the results presented in the first paper to the ID Hubbard model in a uniform vector potential. 



A. The ID Hubbard model in the pseudofermion subspace: The pseudofermion canonical momentum, 

associated functionals, and exotic pseudofermion algebra 

The ID Hubbard model in the pseudofermion subspace (PS) is the quantum problem that plays the major role in 
the studies of this paper. Such a subspace is spanned by a given initial ground state with arbitrary values for the 
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electronic density n and spin density m and all excited energy eigenstates whose generation from it involve changes in 
the occupancy configurations of a finite number of /3 fermions, unbound spinons, and unbound ry-spinons [5|. For the 
excited states belonging to the PS the following ratios vanish, 5Np/N a -> 0, SMf n /N a -> 0, and 5M% n /N a -> 0, as 
iV a -> oo. Here JAT^, SM™, and <5M™ denote the deviations in the numbers Np, M"" = 2S* S , and M™ = 2S,, of /3 
fermions, unbound spinons, and unbound ?7-spinons, respectively, under the ground-state - excited-state transitions. 
The numbers of unbound ry-spinons and unbound spinons are defined in Eq. ([3]). We emphasize that within the 
definition of the PS there are no restrictions on the value of the excitation energy and excitation momentum. 

Several sub-spaces contained in a PS subspace play an important role in the pseudofcrmion scattering theory in- 
troduced here. The following three types of subspaces are contained in well-defined subspaces considered in the first 
paper. 

- An electronic ensemble space is a subspace spanned by all energy eigenstates with the same values for the electronic 
numbers iV-j- and iVj.. Such a subspace is contained in the unbound rj- spinon and unbound spinon subspace considered 
in the first paper. The latter is spanned by the set of energy eigenstates with fixed values for the numbers N c = 2S C , 
M™ n = 2S V , and M™ 1 — 2S S . On the other hand, an electronic ensemble space is spanned by the set of energy 
eigenstates with fixed values for the numbers of unbound ^-spinons and unbound spinons r ^ zl / 2 = T S% 3 ] and 
M "±i/2 = [ S * T S% 3 ], respectively, defined in Eq. ©. 

- A CPHS ensemble space is a subspace spanned by all energy eigenstates with the same values for the numbers 
{M a ±jjv} of ±1/2 77-spinons (a = rj) and ±1/2 spinons (a = s). (The designation CPHS is that used in the studies of 
Refs. @,H,IH;[3J|- Within the notation of such references, it refers to c pseudofermions (CP), holons (H), and spinons 
(S). The holons are the 77-spinons of the present formulation.) Such a subspace is contained in the -q-spinon and spinon 
subspace considered in the first paper. The latter is spanned by the set of energy eigenstates with fixed values for 
the corresponding numbers M v — [N a — 2S C ] and M s = 2S C , respectively. The CPHS ensemble space considered 
here is spanned by the set of energy eigenstates with fixed values for the numbers M Vt ±i/ 2 = [M^ n ±i/ 2 + M%°/2] and 
M St±1/2 = [M™ 1/2 +M>°/2}. 

- Finally, a CPHS ensemble subspace is spanned by all energy eigenstates with the same values for the sets of 
numbers {^^-1/2} wnere ct = r],s and {Np} where /3 = c, av. Here a — 77, s and v = 1, 2, 00. Such a subspace is 
contained in the extended Takahashi subspace considered in the first paper. The latter is spanned by the set of energy 
eigenstates with fixed values for the sets of numbers {M™ 71 } — {2S a } where a = r),s and {Np} where f3 = c, av and 
again a = rj, s and ^ = 1,2, 00. 

At zero absolute temperature the pseudofermion description corresponds to a ground-state normal-ordered theory. 
Thus, there is a pseudofermion theory for each initial ground state. For densities n £ [0, 1] and m 6 [0, n] the minimum 
excitation energy value of the energy eigenstates that span a given CPHS ensemble subspace is given by, 

uj = uj {D r , S r ) = 2\n\ D r + 2fi B \H\ S r . (6) 

The numbers D r and S r appearing here are defined in Eq. (|A19|) of Appendix [AJ For the ground state, D r = S r = 
and thus luq = 0. The application onto the latter state of a one-, two-, or any other finite-number-electron operator 
<D' generates an excitation that can be described as a well-defined superposition of PS excited energy eigenstates. 
For some of the finite-energy line shape branches in the one- and two-electron spectral weight distributions, the PDT 
provides spectral weights associated with the coefficients of such a superposition 0, [1[ . 

An excitation Q'\GS) associated with small values of the deviations SNf and 6N± is contained in a well defined 
direct sum of CPHS ensemble subspaces, 

Scphs © Scphs © Scphs ffi Scphs © •■• ■ (7) 

Here S l cphs with i = 1,2,3,... corresponds to different CPHS ensemble subspaces. The /3 pseudofermion, unbound 
77-spinon, and unbound spinon number deviations of all the CPHS ensemble subspaces of such a direct sum obey the 
sum rules provided in Eqs. (18) and (19) of Ref. Q and the selection rules given in Eq. (21) of the same reference. 
(The c and cv branches of such equations are denoted here by c and rji>, respectively, whereas the numbers £ Cj _i/2 
and L s _i/ 2 read within our notation M™^^ and M^ r ^ l , 2 , respectively.) 

For the energy eigenstates that span the PS the rapidity functionals defined by the set of coupled integral thermo- 
dynamic BA equations, Eqs. (|A2I) - (|A4I) of Appendix IA1 for <fi^ = <p^ = 0, have the following exact property, 

kc(qj) = fe° 5 3 = h-,N a , 

A c (qj ) = sin k c (q 3 ) = sin k° (q(qj )) ; j = l,...,N a , 

A p ( qj ) = A°(gfe)); j = 1, N aau . (8) 
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The set of discrete numbers qj — q(qj) where j = 1, ...,N afj in the arguments of the functions k®(q(qj)\ for j3 = c 

and A^(^q(qj)j for /3 — av appearing in Eq. (J5J play a central role in the pseudofermion scattering theory. Their 
spacing is to first order in 1 /N a , 

- * = jf + h -°- ■ (9) 

Such discrete numbers q~j — q(qj) are the /? pseudofermion discrete canonical-momentum values. A /? pseudofermion 
carries discrete canonical momentum qj = q(qj) whereas the corresponding j3 fermion carries the discrete momentum 
qj . Often in the remaining of this paper we call qj bare momentum, to distinguish it from the corresponding canonical 
momentum, q~j = q(qj). 

For /3 = r\v (and (3 = sv ^ si) branches, the relation Ap(qj) — A ^(^q(qj)^j given in Eq. ([5]) is valid provided that 

the hole concentration (1 — n) (and the spin density m) is finite. For an initial ground state with S n = and thus 
electronic density n = 1 (and S s = and spin density m = 0) one has that the number of r\v (and sv ^ si) band 
discrete momentum values N a v (and N asv ) given in Eqs. (jAlOj) and (jAllj) of Appendix lAl vanishes. N a = (and 
Na BU — 0). Therefore, the corresponding pseudofermion branch does not exist. Hence the ground-state rapidity A? 
appearing in Eq. (|8]) is undefined. For the excited states of such a n = 1 (and m = 0) ground state the value of 
Kp(qj) for f3 — r\v (and /3 = av ^ si) is an issue addressed below in Section HVBI 

By use of the expressions provided in Eq. (JSj> in the thermodynamic BA equations, Eqs. (|A2j) - (|A4j) of Appendix lAl 
at <f>^ — cf>^ — 0, one uniquely finds that, to leading orders in l/N a , the discrete canonical- momentum values have the 
following form, 

Qj = g(gj) = 1j + N = + Na ; P = c,av; j = 1, N afi . (10) 

Here N afl reads N ac = N a for f3 = c and is given in Eqs. (|A10p and (| Al 1|) of Appendix [Al for /3 = av. The relation 
provided in Eq. (|10l) uniquely defines a one-to-one correspondence between the two sets {qj} and {qj} such that 
j = 1, ...,N a „, which refers to the /3 fermion - /3 pseudofermion unitary transformation. As given in the first paper, 

the P band discrete momentum value qj can be written as qj = [2n /N a ]Ij , where Ij with j = l,,..,N afj are BA 
quantum numbers. Depending on uniquely defined BA solution boundary conditions, those can have either integer 
or half-odd integer values. 

Except for the slightly shifted discrete momentum values given in Eq. (fTU|) . the j3 pseudofcrmions have the same 
properties as the corresponding (3 fermions. The quantity Qg(qj) in Qp(qj)/N a appearing in that equation plays a 
key role in the pseudofermion scattering theory. It reads, 

N a , 

Q$(1j) = E E 2**pA<tJ>Qi>)5Np>(<tj>) ■ (11) 

The /?' band momentum distribution function deviation 8Np>(qj') appearing here is that defined in Eq. (IA18[) 
of Appendix [X] Since our elementary-object formulation refers to the limit of a very large system, N a 3> 1, we 
approximate the discrete momentum values qj, such that [qj+i — qj] = 2ir/N a , by the a continuum variable q. Alike 
in the first paper, the general j3 band momentum distribution function deviation then reads, 



SN p (q) 



JV /3 

E%- 

P =i 


%) - 


a h=l 


E%- 

P =i 


%) - 


a h=l 


n $ 






E%- 


<b)\ 


for j3 = av 



2vr 



2vr 



SNp(q) = ^-Y,5(q-q p ); for /3 = av ^ si , (12) 

Here and throughout this paper 5(x) denotes the usual Dirac delta- function distribution, q\, q N p are the momentum 
values of the Np added /3 fermions, q\, q N h those of the Np added (3 fermion holes, and 8Gp stands for the deviation 
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in the value of the number Gp given by, 

oo 

Gfi = Sp, c Ba + S P< sl ^ Nc + ; B °> = X) Nav ' a = V,s- (13) 

j3=ij,s u=l 

The additional term in the expression given in Eq. (|12[) for the deviation ^G^ being a odd integer number relative to 
that for it being an even integer number results from the corresponding (3 — c, si band momentum shift ±ir/N a . 

Moreover, the quantity ir^p p'(qj,qf) in Eq. (fTTj) is a function of both the bare-momentum values qj and qj>, given 
by, 

(h%(qA A° 

7r $ /3 ^(g i ,^)= 7 r^f^^,^ li J ■ (14) 

The function ir$p p>(r, r') appearing here is the unique solution of the integral equations (|B1[) - (IB15[) of Appendix [B] 
and the ground-state rapidity functions AS («£,-), where A°(gj) = sin for /3 = c, are defined in terms of their 

inverse functions in Eq. (|A14[) of Appendix [5] 

It is found below that n'&p,p'(q,q') [or —Tr<&/3,p>(q,q')] is an elementary two-pseudofermion phase shift. It is such 
that q is the bare-momentum value of a /? pseudofcrmion or /3 pseudofermion hole scattered by a (3' pseudofermion 
[or [3' pseudofcrmion hole] of bare-momentum q' created under a ground-state - excited-energy-eigenstate transition. 
(Since there is a one-to-one correspondence between the canonical momentum q(q) and the bare-momentum q, the 
bare momentum q of a pseudofermion is meant as that corresponding to its canonical momentum q(q).) 

An important functional related to that defined in Eq. (|11[) reads, 

Qp(q j ) = Q° + Q$(q j ). (15) 

Here Gfp is such that the quantity Q^/N a is the shift in the j3 = c, ctv band discrete bare- momentum value qj under 
the ground-state - excited-state transition. Its values are, 

oo oo 

Q ° = 0; Yl J2 6Na » even; Qc = ±7r ; J2 SNa » odd; 

Q° av = 0; 6N c + 5N a „ even; Q° a v = ±tt ; <yjV c + 5^ odd ; a = 7 7 ,s. (16) 

When under such a transition the BA quantum numbers I? in the band discrete momentum value qj = [2n/N a ]Ij 
change from integers (or half-odd integers) to half-odd integers (or integers), the shift Q°p/N a has a finite value, 
Q°/N a = ±ir/N a . 

To first order in 1/N a , the discrete canonical-momentum values spacing is, q~j+i — q~j — 2ir/N a , as given in Eq. 
The one-to-one correspondence between the discrete canonical momentum values and the discrete bare momentum 
values given in Eq. (|10p is associated with the (3 fermion - (3 pseudofermion unitary transformation. That transforma- 
tion is defined within the PS. There is a pseudofermion representation for each initial ground state and corresponding 
PS. Analysis of the the discrete canonical-momentum value expression defined by Eqs. (|10p and fTT]) reveals that for 
the initial ground state the discrete canonical-momentum value q~j and corresponding discrete bare-momentum value 
qj are such that q~j = qj. Hence the ground-state limiting (3 canonical momenta and c and si Fermi canonical momenta 
equal the corresponding bare momenta. Those are given in Eqs. (|A12|) and (|A13[) of Appendix [XJ respectively. 

As mentioned above, there are no r\v (and sv ^ si) bare-momentum bands for n = 1 (and m = 0) ground states. 
Indeed, from use of Eqs. (|A10[) and (|A11|) of Appendix [X] one confirms that N arjv — (and N asv = 0) for such 
states. Then the corresponding ground-state rapidity functions A° (q) (and A°„(g)) cannot be defined. Fortunately, 
the expression given in Eq. (|14[) remains valid in that case provided that the ground-state rapidity functions are 
suitably replaced by those of the excited states. (We find below that the functions provided in Eq. (fl"4"|) are phase 
shifts originated by well-defined ground-state - excited-state transitions. Thus, in the particular case of the initial 
n = 1 and/or m = ground states, the quantities given in Eq. (jT4"]) are functionals rather than functions, with the 
rapidity functions for the r]v and/or sv ^ si branches being those of the excited state under consideration.) 

The energy spectrum of Eq. (|A17|1 of Appendix can be expressed in terms of the corresponding (3 pseudofermion 
canonical-momentum distribution-function deviations as follows, 

SE loM = ]T Y,ep(q j )5tfp(q j )+ ]T £ 4,fe)^fe) + %IA- + 2fx B \H\S r . (17) 

P=c,sl j=l 0vjtsl j=l 
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Alike in the first paper and in Appendix IAI here l/\ stands for the set of numbers [2S C , S v , S s , , 2 , M™_ x , 2 ] and 

l a for all remaining quantum numbers beyond Za needed to uniquely define an energy eigenstate \^i ,i & ,u) of general 
form given in Eq. (|A6[) of that appendix. For the Bethe states one has that M™ 71 ^^ = M"™jy 2 = 0, so that the 
above set of number values read [2S C , S v , S s ,0, 0]. In that case one says that l& = l Q A . 

In the expression provided in Eq. (|17p we have used the results of the first paper to express the finite-energy part 
of the energy spectrum given in Eq. (|A17I) of Appendix [A] in terms of the number of rotated-electron doubly occupied 
sites, D r , and that of spin-down rotated-electron singly occupied sites whose rotated electrons are not associated with 
the si fermions and thus si pseudofermions, S r , given in Eq. (|A19|) of Appendix IAI They vanish for any initial ground 
state, so that their deviations are given by SD r = D r and SS r = S r . 

Importantly, when expressed in terms of /3 fermion momentum distribution-function deviations, Eq. (|A18|) of 
Appendix [Al the energy spectrum given in Eq. (|17p contains all the contributions to second order in such deviations. 
Those are beyond the corresponding first-order expression, Eq. (|A17|1 of Appendix [AJ Indeed, such a (3 fermion 
energy spectrum has higher-order energy functional terms in the deviations SNp(qj), beyond those given in that 
equation. Within the N a 3> 1 limit that the current operator formulation refers to only the terms up to second 
order in such deviations are physically meaningful. Such terms stem from contributions arising from expanding the 
PS rapidity functions k®(qj + Qf(qj)/N a ) and A°p(qj + Qf{qj)/N a ) associated with the functions k c (qj) — k®(q(qj)) 
and Ap(qj) = A^(q(qj)) of Eq. around qj. Within the /? pseudofermion representation the quantity Qf(qj)/N a 
(and Qp(qj)/N a ) in the argument of the rapidity function k®(qj + Qf(qj)/N a ) (and A°p(qj + Qp(qj)/N a )) is rather 
incorporated in the canonical momentum q(qj) = qj + Qf (qj)/N a (and q(qj) = qj + Q®(qj)/N a ). 

That the energy spectrum given in Eq. (|17[) contains all the contributions of second order in the /3 fermion 
momentum distribution-function deviations is behing a property of major importance for the PDT. It is that within 
the N a 3> 1 limit specific to that theory the c and si pseudofermions have no residual energy interactions and thus 
are not energy entangled 0, @] ■ This follows from the second-order deviation contributions energy functional terms 
in the deviations SNp(qj) beeing transferred to the j3 = c, si band discrete canonical momentum values. Such a lack 
of (3 pseudofermion energy entanglement then allows the one- and two-electron spectral functions to be expressed as 
convolutions of suitable c and si fermion spectral functions [7|, |8(. In contrast, the related c and si fermions have 
residual energy interactions and thus are energy entangled. 

To confirm that for N a 3> 1 the c and si pseudofermions have no residual energy interactions we consider for 
simplicity PS excited states for which M^ n _ X J 2 = M""-^ = in Eq. <j3j> and the momentum distribution function 
deviations 8Np(qj) in Eq. (|A17[) of Appendix [Al vanish for the (3 ^ c, si branches. Since our analysis refers to the limit 
of a very large system, N a 3> 1, we approximate again the discrete momentum values qj and now also the discrete 
canonical momentum values q~j by the continuum variables q and q = q + Qp(q)/N a , respectively. The corresponding 
deviation 5N/3(q) has the general form given in Eq. ([P2j) . 

Next we extend the expression of the energy functional provided in Eq. (|A17[) of Appendix [A] to second order in the 
/3 = c, si momentum distribution function deviations SNp^q). To reach that goal, we use such momentum distribution 
function deviations in the functional BA thermodynamic equations, Eqs. (|A2[) - ([A4[) of Appendix [Al at ^ = (j>± = 0, 
and corresponding general energy functional given in Eq. (| A8|) of Appendix [A] The combined and consistent solution 
of the obtained equations up to second order in the deviations SN/3(q) then leads to the energy functional, 



/V . , rif> 

W otlA = Yl J dqep(q)SNp(q) 



E 



1 f gl3 



/ " dqv^q)Ql(q)SN,(q) + -^-J2 (Q$MY 
Z7T J-1f> ^7TiVa t=±1 



(18) 



The energy dispersions ep(q) and velocities vp(q) and vp = vp(qF/3) appearing here are those defined in Eqs. (| A20|) - 
(|A22|) and Eq. (|A23I) of Appendix [A] respectively. 

The use of the functional Q* (q) expression given in Eq. (fTT|) reveals that the energy functional of Eq. ([TBI can be 
rewritten as, 



at ^_ tin 
SE loM = ^ E / dqs (q)6Np(q) 

i /N n \ 2 ^ ^ r m r q t<' i 

+ WA^J ^ ^7 dq J rtzfw&tfWpWNp'tf), (19) 
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where the / functions read, 

f/3,p'{q,q') = v fj {q)2Tr<S>p^(q,q')+v p/ {q')2Tr<P f3 ,j 3 (q',q) 

+ ^~ E ^ v P" 2, **P"A l 4FP">Q) 2lr ®0"M u l* , P">tf)- (20) 

0"=c,sl l=±l 

Interestingly, such / functions involve only the f3 fermion group velocities and the two-pseudofermion phase shifts of 
the scattering theory introduced in this paper. 

For low-energy excitations, both the energy terms in Eq. (jTSJ of first-order and second-order in the f3 fermion 
momentum distribution function deviations SNp(q) become of order 1/N a . In that case one needs both the first-order 
and second-order energy terms in such deviations to reach the finite-size spectrum of conformal- field theory [8[ . The 
corresponding finite-size corrections must be accounted for before taking the N a — > oo thermodynamic limit. Within 
that limit, only the residual energy interactions of second order in the (3 fermion momentum distribution function 
deviations SNp(q) are physically meaningful, as mentioned above. Their occurrence implies that the /3 = c, si fermions 
have residual interactions and thus are energy entangled. 

We now confirm that up to energy contributions of order 1/N a , which are those revelant within the present N a — > oo 
thermodynamic limit, the c and si pseudofermions have no residual energy interactions and thus are not energy 
entangled. Expression of the general energy functional given in Eq. (|18[) in terms of the (3 = c, si pseudofermion 
canonical momenta leads to, 

at r qf> 

6EloM=~Z E / dqs (q)SN (q). (21) 

Here q is the /3 pseudofermion canonical momentum defined in Eq. (|10[) and to first order in 1/N a the deviation 
6Np(q) accounts for the two types of contribution reported in the following. 

The first contribution type results from the shift q — > q + Qt(q)/N a in the arguments of the 5- functions 
of the deviation 5Np(q) expression provided in Eq. (j 12[) . Such a contribution is taken into account by con- 
sidering that £p(q) — £p(q) and SNp(q) — SNp(q + Qp(q)/N a ) in Eq. (|2"Tj) . It leads to the energy terms 
fr I- q0 d 1 £ p(l) SN p (q) and £ J2p =cs pj q ^ dqv p {q) Q$(q)SN p (q) of Eq. To first order in 1/N a , exactly 

the same energy terms are obtained if one considers instead that £p{q) = £p(q + Qp(q)/N a ) and 5Np(q) = dN^q) in 
Eq. (j2Tj) . This latter choice is the most convenient for adding to 8Np(q) the second contribution reported below. 

The first contribution refers to small changes in the momenta of the original (3 fermion creation and annihilation 
processes described by the deviations of form given in Eq. (fl2|) . On the other hand, the second contribution to 
the (3 pseudofermion canonical- momentum distribution function deviation SNp(q) does not refer to small changes of 
processes contained in the the original (3 band momentum distribution function deviation SNp(q). Specifically, it 
involves the quantity l Q*(i qFp)/N a = t[8q F p — 8q Fj3 ] where Sq F/3 and §q F p are the deviations of the (3 pseudofermion 
and f3 fermion right (i = 1) and left (i = —1) Fermi points, which read, 



N a ' 



5q L Fp = dq Fl3 

2tt 
N~ a 



respectively. The quantity SNg L = [SNg'f + lQ o/2tt] denotes the deviation in the number of f$ = c, si fermions at 
the right (t = +1) and left (t = +1) ft = c, si Fermi points under the ground-state - excited-state transition. Such 
a deviation includes the effects from the possible shift of the BA quantum numbers I? considered in the first paper. 
That shift involves the quantity Q° for the f3 = c, si branches considered here, which is defined for all (3 branches in 
Eq. (fT6)) . On the other hand, SN^'^ does not account for such effects. Indeed the value of SN^'f follows only from the 
change in the j3 fermion occupancies at their i = ±1 Fermi points. We emphasize that the second term Q®{bq F p)/N a 
in the deviation 5q F p expression provided in Eq. (|22p . which is that associated with the second contribution type 
to 6Np(q), occurs in that expression even when Sq L F p = 0, and thus there is no change in the i = ±1 /3 fermion 
Fermi-point occupancies under the ground-state - excited-state transition. 

To first order in 1/N a , the above two types of contribution are accounted for provided that one uses the following 
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expressions for ep(q) and 5Np(q) in the energy functional of Eq. (j2"Tj) , 



£p(Q) = £p{q + Qp(q)/N a ) ~ ep(q) +Vf3(q) 



Qf(g) 



SN (q) = 6Np(q) + L Q ^ qFp) S(q-iq F0 ). (23) 

^ a 

Consistent with our above discussion, the extra term i[Qp{LqFp)/N a ] S(q — LqFp) in the 8Np{q) expression accounts 
for the second type of contribution to it. The use on the right-hand side of Eq. (|21|l of the expressions provided in Eq. 
(|23|) readily leads to the full energy expression given in Eq. (|18|) , which is of second order in the /3 fermion momentum 
distribution function deviations 8Np(q). (We recall that £p{iqFp) = 0, so that the second type of contribution leads 
indeed only to the energy term J2p=c,s Yt, t =±i(.Q$( L QFp)) 2 in Ec l- ©•) 

On the one hand, within the /3 fermion representation the quantity Qf(q)/N a (and Q^(q)/N a ) in the argument of 
the rapidity function k°(q + Qf(q)/N a ) (and A° (q + Q^{q)/N a )) is behind the f3 fermion residual interactions. This 
is confirmed by the form of the second-order energy terms in the first expression of Eq. (fT8| . Those would vanish 



if Qp(q) — 0. On the other hand, we have just confirmed that since within the j3 pseudofermion representation that 
quantity is rather incorporated in the canonical momentum, such objects are not energy entangled: The momentum 
shift Qp(q)/N a in the j3 pseudofermion canonical momentum q = q + Qp(q)/N a of Eq. (fTt)|) exactly cancels the 
second-order energy terms in the expression given in Eq. (|18|) . 

That within the pseudofermion representation the quantity Qp(q) is incorporated in the canonical momentum 

q = q + Qp{q)/N a of Eq. (fTUf renders the j3 pseudofermions being not energy entangled yet has consequences in 
the exotic algebra obeyed by their creation and annihilation operators. Consider a j3 pseudofermion of canonical 
momentum q and a /?' pseudofermion of canonical momentum q' such that the canonical-momentum values q and 
q' = q' correspond to an excited energy eigenstate and the initial ground state, respectively. That the canonical 
momentum q — q + Qp(q)/N a of the former f3 pseudofermion includes the momentum shift Q^{q)/N a is behind the 
effective anticommutators involving the creation and/or annihilation operators of these two pseudofermions having 
the general form Q, 



sin(g^(g)/2 



N a0 sm([g-g']/2)' 
= {/ft* /?,/»'} =0- (24) 

Here Qp{qj) = + Q|(9j) is the value of the functional defined in Eq. (p~5|) specific to the excited energy eigenstate 
under consideration. The related quantity Qp(qj)/N a = [Q^ + Qp(qj)]/N a is the overall shift in the discrete canonical- 
momentum value that results from the ground-state - excited-energy-eigenstate transition. 

The exotic j3 pseudofermion algebra associated with the effective anticommutators of form provided in Eq. (I24[) 
plays a key role in the one- and two-electron finite-energy spectral weight distributions @, H| ■ It follows from that 
equation that the functional Qfi(q) controls the quantum overlaps associated with such spectral weight distributions. 
Indeed, the one- and two-electron matrix elements between the initial ground state and the excited energy eigenstates 
are within the PDT expressed in terms of the corresponsing effective anticommutators, Eq. (f24| [7], |8j. 

The effective character of the anticommutators of Eq. (IM|) results from they involving two operators acting onto 
subspaces with different discrete canonical momentum values. Such subspaces are those of the initial ground state and 
excited state, respectively. That they connect two different Hilbert spaces, whose discrete quantum-number values 
are different due to shake-up effects, makes them to be effective anticommutators. Indeed, the standard operator 
commutators involve operators acting onto the same Hilbert space. However, such effective anticommutators are 
physically meaningful. They control the orthogonal-catrastrophe quantum overlaps associated with the PDT one- 
and two-electron spectral- weight distributions 0, H[ . 



B. The ground-state - virtual-state transition 

From now on and until Section IIV Bl our analysis refers to initial ground states with density values in the ranges 
n G [0, 1[ and m €]0, n], (The specific properties of the scattering theory for initial ground states corresponding 
to densities n = 1 and/or m — are considered in that section.) Each transition from the initial ground state to 
a PS excited energy eigenstate can be divided into three steps. The first process is a scatter-less finite-energy and 
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finite-momentum excitation that transforms the ground state onto a well defined virtual state. For the av branches, 
that excitation can involve a change in the number of discrete bare-momentum values given by, 

oo oo 

8N atl =6N c -8N sl -2j2^ su ; SN aav = 6M™ + 2 ]T {v' - v)8N au , , av ^ si . (25) 

!/=2 u' = u+l 

For the initial ground state these numbers read, 

< x =iV t ; <„=(JV t -JVa), w^ali <„ = (iV -iV), (26) 

and 7V° = AT 0(! is given by AT a< , = N a for the whole Hilbert space. Although the (3 =^ c, si branches have no finite 
pseudofermion occupancy in the initial ground state, for the present densities ranges one can define the discrete 
momentum number values N afj — No of the corresponding unoccupied bands. For the f3 ^ c, si branches, those are 
the numbers N® and N® given in Eq. (|26p . Thus, for /3 ^ c, si branches with finite pseudofermion occupancy in 
the virtual state the discrete bare-momentum shifts given in Eq. (|16l) and deviations provided in Eq. (|25l) are relative 
to the values of such unoccupied bands. 

In addition and following the change in the number of discrete bare-momentum values, this excitation also involves 
the pseudofermion creation and annihilation processes and pseudofermion particle-hole processes associated with PS 
excited states. The excitation momentum of such a ground-state - virtual-state transition reads, 

N a oo N aBV oo N a?w 

$ p loM = J2 q i 5N ^1j) + E E q i 5N ^j) + E E t w _ N nMj) +nM Vi _ 1/2 , 

j=l u=l j' = l v=\ j=l 

oo 

M v ,-i/2 = K" 1/2 + E vN ^ > 5N Ulj) = N s ,{q 3 ) for sv ± si . (27) 

Here M™^^ is the ry-spin-projection —1/2 unbound 77-spinon number given in Eq. Q. 

Since the momentum spectrum is of first order in the /3 momentum distribution function deviations, it is convenient 
to express it in terms of the corresponding occupancies of the j3 band bare momentum values qj , rather than of those 
of the j3 band canonical momentum values qj — q{qj), as given here. On the other hand, the excitation energy is that 
provided in Eq. (fP7|) . 

In this first scatter-less step the pseudofermions acquire the excitation momentum and energy needed for the second 
and third steps. 



C. Pseudofermion scattering processes, dressed S matrices, and phase shifts 

In order to study the second and third processes of the ground-state - excited-energy-eigenstate transition, it is 
useful to express the many-pscudofcrmion states and operators in terms of one-pscudofcrmion states and operators, 
respectively. The PS energy and momentum eigenstates can be written as direct products of states. Those are 
generated by the occupancy configurations of each of the av branches with finite pseudofermion occupancy. Moreover, 
the many-pseudofermion states generated by occupancy configurations of each av branch can be expressed as a direct 
product of N af3 one-pseudofermion states. Each of the latter states refers to one discrete bare- momentum value qj, 
where j = 1, ...,N af) . 

For the N a 3> 1 pseudofermion description only momentum and energy contributions of order zero and one in 1 /N a 
are physically meaningful. Alike in the remaining of this paper, our analysis refers to periodic boundary conditions 
and large values of N a such that N a ^> 1. The Hamiltonian of the quantum problem described by the ID Hubbard 
model in the PS, whose energy spectrum is given in Eq. (jT?| . has a uniquely defined expression of the general form, 

N a0 

: ^ : =EE^,+E^- ( 28 ) 

Here we have denoted the ground-state normal ordered Hamiltonian by : H :, Hp^. is the one-pseudofermion Hamil- 
tonian associated with excited-state /3 pseudofermion or /3 pseudofermion hole of canonical momentum q~j, and H a 
refers to the unbound ?7-spinons (a = rj) and unbound spinons (a — s), which are found to be scatter-less objects. 
Alike the corresponding energy spectrum of Eq. (TTT]) , the ground-state normal ordered Hamiltonian is expressed as a 
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sum of /3-pseudofermion Hamiltonian terms Ylj=i ^P,Qj > eacn of which involves a sum over the excited-state (3 band 
canonical momentum values q~j . 

For each many-pseudofermion PS virtual state reached in the first step of the transition from the ground state to 
the excited energy eigenstate, the number of active Hamiltonian terms, Hp t q, , equals that of one-pseudofermion states 
of the virtual state. This number reads, 

N ac +N aal + H\SN p \)N a0 . (29) 

Here 6(x) = 1 for x > and 9(x) = for x = 0. The numbers N ac = N c + N' c l = N a , N asl = N sl + N^, and 
N ap = Np + No refer to the virtual state and corresponding excited energy eigenstate under consideration. (For the 
/3 = av branches the pseudofermion-hole numbers of these expressions are provided in Eq. (IA11[) of Appendix El) 

The second scatter-less process generates the "in" state. The one-pseudofermion states belonging to the many- 
pseudofermion "in" state are the "in" asymptote states of the pseudofermion scattering theory. The generator of the 
virtual-state - "in" -state transition is of the form, 

S° = III1 5 = e ^-^'^ , (30) 

P 3=1 

where /J. p and fq jt p are the (3 fermion operators considered in the first paper. The unitary one-pseudofermion 

operator Sg (qj ) is labelled by the virtual-state bare momentum qj . Application of that unitary one-pseudofermion 
operator onto the corresponding one-pseudofermion state of the many-pseudofermion virtual state, shifts its virtual- 
state discrete bare-momentum value qj to the excited-state discrete bare- momentum value qj + Q®/N a , where Q® is 
given in Eq. (fl6| . (Note that Q° may vanish, as given in that equation.) 

Finally, the third step consists of a set of two-pseudofermion scattering events. It corresponds to the "in" -state - 
"out"-state transition, where the latter state is the PS excited energy eigenstate under consideration. The generator 
of that transition is the following operator, 

n °-p N *(> t 

s $ =nn •> - ^ f «t- Q *^ /N ^ . (3i) 

P 3=1 

For a PS "in" state the eigenvalue of this operator is given by, 

N ap N a/j 

5* = e i2S * = H H Sf(qj) ; 5* = ]T ]T Q£(fc)/2 ■ (32) 

P 3=1 P 3=1 

The one-pseudofermion states belonging to the many-pseudofermion "out" state are the "out" asymptote pseud- 
ofermion scattering states. Application of the unitary operator Sf(qj) given in Eq. (f3"Tj) onto the corresponding 
one-pseudofermion state of the many-pseudofermion "in" state, shifts its discrete bare-momentum value qj + Q°^/N a 
to the "out"-state discrete canonical-momentum value qj + Qg(qj)/L. It follows that the generator of the overall 
virtual-state - "out" -state transition is the unitary operator, 

S T = S*S° = [] if ^fe) ; SpiQj) = St(qj)S$( qj ) = e E - f 4-<W/^^ . (33) 

P 3 = 1 

Application of the one- /3-pseudofermion or one-/3-pseudofermion-hole unitary operator Sg(qj) onto the corresponding 
one-pseudofermion state of the many-pseudofermion virtual state shifts its discrete bare-momentum value qj directly 
into the "out"-state discrete canonical-momentum value qj + Qp(qj)/L. The eigenvalue of the operator St reads, 

N ap Nap 

S T = e i2S * = [] LI ^fe) i *r = E E QMS 2 ■ ( 34 ) 

P 3=1 P 3 = 1 

The "in" state and "out" state are different representations of the same PS excited energy eigenstate. Specif- 
ically, they refer to the alternative /3 fermion and /3 pseudofermion representations of that state. Thus, that the 
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one-pseudofermion states of the many-pseudofermion "in" state and "out" state are the "in" and "out" asymptote 
pseudofermion scattering states, respectively, implies that the one-pseudofermion Hamiltonian Hp,q s plays the role 
of the unperturbed Hamiltonian Hq of the spin- less one-particle nonrelativistic scattering theory [45] . The scatter- 
ing unitary operator Sf(qj) commutes with the Hamiltonian Hp t q S - Thus the one-pseudofermion "in" and "out" 
asymptote scattering states are energy eigenstates of both Hp,^ and St(qj). It follows that the matrix elements 
between one-pseudofermion states of S^(qj) are diagonal. Therefore, these operators are fully defined by the set of 

their eigenvalues of such states. The same applies to the generator 5* given in Eq. (|3"TT) . The matrix elements of 
that generator between many-pscudofcrmion "in" states are also diagonal and thus it is fully defined by the set of its 
eigenvalues of such states. 

Consistent, the "in" state and "out" state only differ by a mere overall phase factor. That the many-pseudofermion 
"in" and "out" states, which are a direct product of one-pseudofermion "in" and "out" asymptote pseudofermion 
scattering states, respectively, are PS excited energy eigenstates plays a major role in the pseudofermion scattering 
theory. 

Since the operators S^(qj) and Sp(qj) are unitary, each of their eigenvalues has modulus one and can be written 
as the exponent of a purely imaginary number given by, 

sffe) = e «tf<*)=U [] SpMw); j = i, ...,#«„, 
p' j'=i 

Sp(qj) = e i ^=e i ^Sf(q j ) = e i ^H JJ SpMli.H')', j = 1, ...,JV 0/J . (35) 

p> j'=i 

Here Qp(qj) and Qp(qj) are the functional defined by Eqs. (fTTj) and (fl"5j) . respectively. By use of the former functional 
we find that, 

Sp,p>(qj,q f ) = e ^ tfJ VM , (36) 

where the functions ir$p,p'[qj,<lj>) are given in Eq. (fT4|) . 

Except for the occupancy configuration changes produced by the ground-state - virtual-state transition, the only 
effect of, under a ground-state - excited-energy-eigenstate transition, moving the ft pseudofermion or ft pseudofermion 
hole of initial virtual-state canonical-momentum q~j = qj once around the length L lattice ring is that its wave function 
acquires the overall phase factor Sp (qj ) given in Eq. (|35j) . This property follows from the form of the energy spectrum 
of the ft pseudofermions. In contrast to that of the corresponding ft fermions, it has no residual interaction terms. 
The procedure of moving the ft pseudofermion or ft pseudofermion hole once around the length L lattice ring refers 
to a method to derive the corresponding dressed S matrix. It is precisely the overall phase factor Sp(qj), Eq. (|35[) . 
acquired by its wave function. 

The phase factor Sp t p'(qj,qj'), Eq. (|36[) . in the wave function of the ft pseudofermion or ft pseudofermion hole of 
bare-momentum qj results from an elementary two-pseudofcrmion zero-momentum forward-scattering event whose 
scattering center is a ft' pseudofermion (5Npi(qji) — 1) or ft' pseudofermion hole (6Npi(qji) = —1) created under the 
ground-state - excited-state transition. The third step of that transition involves a well-defined set of elementary two- 
pseudofermion scattering events where all ft pseudofermions and ft pseudofermion holes of bare-momentum qj + Q°p/N a 

of the "in" state are the scatterers. This leads to the overall scattering phase factor Sp(qj) in their wave function 
given in Eq. (|35[) . The scattering centers are the ft' pseudofermions or ft' pseudofermion holes of bare momentum 
qj' + Q°p/N a created under the ground-state - "in"-state transition. This is confirmed by noting that Sp t p>(qj, qj') = 1 
for 8Npi(qji) = 0. Thus, out of the scatterers whose number equals that of the one-pseudofermion states given in Eq. 
(|29[) . the scattering centers are only those whose bare- momentum distribution-function deviation is finite. However, 
out of the above scatterers, only a subclass of scatterers significantly contributes to the spectral properties 
The following properties play an important role in the pseudofermion scattering theory: 

1. The elementary two-pseudofermion scattering processes associated with the phase factors, Eq. (|36[) . conserve 
the total energy and total momentum. This stems from the occurrence of an infinite number of conservation 
laws p^ - [2l| associated with the model integrability [H-3 being explicit in the present pseudofermion scattering 
theory. Its scatterers and scattering centers only undergo indeed zero-momentum forward scattering. 

2. That the elementary two-pseudofermion scattering processes are of zero-momentum forward-scattering type also 
implies that they conserve the individual "in" asymptote ft pseudofermion momentum value qj + Qg/N a and 
energy. 
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3. These processes also conserve the /3 branch, usually called channel in the scattering language [45|. 

4. The scattering amplitude does not connect quantum objects with different 77 spin or spin. (All such objects are 
77-spin neutral, spin neutral, or 77-spin less and spin less anyway.) 

5. For each j3 pseudofermion or j3 pseudofermion hole of virtual-state bare-momentum qj, the dressed S matrix 
associated with the ground-state - excited-energy-eigenstate transition is simply the phase factor Sp(qj) given 
inEq. ((55jl. 

The one-/3-pseudofermion or one-/3-pseudofermion-hole phase factor Sf(qj) of the present ID quantum problem 
corresponds to the usual one-particle phase factor si(E) of similar three-dimensional quantum problems. The latter 
depends on the energy E and angular-momentum quantum numbers I and m. (See, for example, Eq. (6.9) of Ref. 
|45|.) In the present ID case, the energy E and the quantum numbers I and m are replaced by the bare- momentum qj 
in the phase factor Sf (qj ) . The j3 pseudofermion or /3-pseudofermion hole energy is uniquely defined by the absolute 
bare-momentum value \qj\. In ID the sign of qj corresponds to the three-dimensional angular- momentum quantum 
numbers. Another difference is that si(E) is associated with a single scattering event. Here, Sf(qj) results in general 
from several scattering events. Each of such events corresponds to a well defined factor Sp } jji(qj, qj 1 )-, Eq. (|36[) . in the 
Sp(qj) expression given in Eq. (|35[) . There are as many of such factors as /?' pseudofermion and /?' pseudofermion 
hole scattering centers created under the transition to the virtual state and corresponding excited energy eigenstate 
under consideration. The factor 2 in the phase factor of Eq. (6.9) of Ref. 45] corresponds to the phase-shift definition 
of the standard nonrelativistic scattering theory for spin-less particles. We use in general here such a definition. It 
introduces the overall scattering phase shift Sf(qj) — Qf(<7j)/2 and overall phase shift 5p{qj) = Qp(qj)/2. However, 
if instead we insert a factor 1, we would have an overall scattering phase shift Qp{qj) and overall phase shift Qp(qj). 
(That is the phase-shift definition used in Refs. [40l - |43j .) 

The factorization of the BA bare S matrix for the original spin-1/2 electrons is associated with the so called Yang- 
Baxter equation (YBE) [4(j. On the other hand, the factorization of the /? pseudofermion or j3 pseudofermion- hole 
dressed S matrix Sp(qj) given in Eq. ([33)) . in terms of the elementary two-pseudofermion S matrices Sp$i(qj,qji), 
Eq. (|36[) . is commutative. Such commutativity is stronger than the symmetry associated with the YBE. This results 
from the c, nv, and sv pseudofcrmions, which are the scatterers and scattering centers, being neutral objects. The 
/3 = c fermions are both 77-spin-less and spin-less objects. The composite r\v pseudofermions (and sv pseudofermions) 
refer to 77-spin-singlet (and spin-singlet) neutral configurations of 2v anti-bound 77-spin-l/2 77-spinons (and 2v bound 
spin-1/2 spinons). 

On the other hand, the momentum value of a unbound ±1/2 77-spinon (and a unbound ±1/2 spinon) was found 
in the first paper to be q v ,+i/2 — or <7, ; ,_i/2 = 7r (and q Sj ±i/2 — 0) for &H energy eigenstates with finite occupancy 
of such objects. That such a momentum value remains unchanged under the transition from any "in" state to the 
corresponding "out" state (excited energy eigenstate), confirms that such objects are not scatterers. Neither do the 
/3 pseudofcrmions scatterer off on them, so that they are not scattering centers. That is consistent with the unbound 
77-spinons (and unbound spinons) playing the passive role of unoccupied sites of both the 77-spin (and spin) effective 
lattice and the corresponding rjv (and sv) effective lattices. Indeed, the objects that move around in the 77-spin (and 
spin) effective lattice ring of length L = N a a n = N a a (and L = N ag a s — N a a) are the rjv pseudofermions (and sv 
pseudofermions) . 

Moreover, the holes in the corresponding BA av momentum bands exist in their own right and must not be treated 
as being the M™ = 2S a unbound 77-spinons (a = 77) and (a = s) unbound spinons and Y^/= v +i ^i 1 " — v)N av i bound 
77-spinons (a — 77) and (a — s) bound spinons that play the role of unoccupied sites. Consistent with the results 
of the first paper, the unbound 77-spinons and unbound spinons have their independent occupancies and the av' 
pseudofermion with v' > v pairs of bound 77-spinons (a — 77) and (a = s) bound spinons their own independent av' 
momentum bands. The av effective lattice object motion can alternatively be described in terms of av pseudofermions 
and av fpseudoermion holes, which in general have a finite velocity. Consistent, in addition to the c pseudofermions 
or c pseudofermion holes, the av pseudofermions or av pseudofermion holes are the scatterers and scattering centers 
of the pseudofermion scattering theory. 

The BA bare S matrix refers to spin-1/2 electrons. Thus its form reflects the spin-1/2 SU(2) symmetry of its 
scatterers and scattering centers. That of the j3 pseudofermions refers to neutral particles. This in spite of the 
77-spinons and spinons carrying 77-spin 1/2 and spin 1/2, respectively. Here the M™ anti-bound 77-spinons (and 
bound spinons) have 77-spin 1/2 (and spin 1/2) but are anti-bound (and bound) within composite neutral objects, 
which play the role of scatterers and scattering centers. 

The dressed S matrix commutative factorization is that consistent with the form of the /3 pseudofermion occupancy 
configurations that describe the PS excited energy eigenstates. Those are superpositions of local occupancy configu- 
rations with the same number of /3 pseudofcrmions with different positions in each configuration. Hence the number 
of /3 pseudofermions belonging to /3 branches with finite occupancy in the virtual state is the same for all occupancy 
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FIG. 1: The elementary two-pseudofermion phase shift it & CiC (q, q 1 ) in units of 7r as a function of q and q' for n = 0.59, m = 0, 
and (a) U/t — >■ 0, (b) = 0.3, (c) U/t = 4.9, and (d) U/t = 100. The bare-momentum values g and g' correspond to the 
right and left axis of the figures, respectively. 



configurations. The relative position of these quantum objects is different in each such a configuration. When under 
a specific ground-state - excited-energy-eigenstate transition a /3 pseudofermion or (3 pseudofermion hole moves once 
around the lattice ring, it scatters the same ft' pseudofermion or j3' pseudofermion-hole scattering centers, but in 
different order for different occupancy configurations. However, it is required that the phase factor e 1 ^* 3 ^ acquired 
by the (3 pseudofermion or f3 pseudofermion hole should be the same, independently of that order. This is consistent 
with the commutativity of the dressed S'-matrix factors S@ t /3'(qj,qj>) in the overall dressed 5* matrix Sp(qj), whose 
expression is given in Eq. (|35[) . Such a commutativity follows from the elementary S matrices Sp t p>{qj, gy), Eq. (I3GI) . 
being simple phase factors, instead of matrices of dimension larger than one. 

As found in the first paper for the av fermions, the av pseudofcrmions generated from corresponding av fermions 
with limiting bare- momentum values q = ±q a v and vanishing velocities iw(±<w) = are invariant under the electron 
- rotated-electron unitary transformation. It is found below that for the excited energy eigenstates belonging to a 
given PS, the limiting canonical momenta have exactly the same values as those of the corresponding initial ground 
state provided in Eq. (|Al2j) of Appendix lAl Moreover, at the limiting momentum values ±g Q „, the energies of such 
av pseudofermions equals those of the corresponding av fermions and read [5( , 

<V(±QV) = v [e, ; -i/2 + £, h +i/2\ = (1 - <W) 2i>|m| + <W 2 ^/i° ! £°„{±q V u) = , 

e sv (±q su ) = v[e 8 ,-i/2 + e s ,+i/2] =2vfx B \H\; e° sv (±q sv ) = . (37) 
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FIG. 2: The elementary two-pseudofermion phase shift tt & c . s i(q, q') in units of ir as a function of q and q' for n = 0.59, m = 0, 
and (a) (7/i — » 0, (b) U/t = 0.3, (c) U/t — 4.9, and (d) U/t = 100. The bare-momentum values 5 and g' correspond to the 
right and left axis of the figures, respectively. 

Here 2/jP is the n — 1 Mott-Hubbard gap, which for u <C 1 and u 3> 1 behaves as, 

2/i° « -v / iC7e~ 27r (^) , to = 0; 2u° w — , to = -1,1, it < 1 , 

2/x° « [f — 4t] , me [-1,1], u>l. (38) 

Moreover, s V! ±i/2 and £ s .±i/2 denote in Eq. (|37p the energies of the unbound ?7-spinons and spinons, respectively, 
which were found in the first paper to be given by, 

£ r,,±i/2 = 2|//|; e VlT i/2=0, sgn{(l-n)}l = =Fl, 

£ s ,±i/2 = 2fi B \H\; £.,. T i/2=0, sgn{m}l = =Fl . (39) 
The effects of such an additional pseudofermion symmetry are discussed below in Section HV Al 

III. THE PSEUDOFERMION PHASE SHIFTS 

In this section we study the /3 pseudofermion phase shifts associated with the dressed S matrix introduced above. 
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A. Phase-shift definition 



As above, our analysis refers to periodic boundary conditions and N a 3> 1. The c effective lattice considered in the 
first paper equals the original lattice. On the other hand, the spacing, 

1 A °-a; N am >l, (40) 



N* m N a _ 

of the remaining ft = av effective lattices also considered in the first paper is for n ^ 1 and m ^ larger than that 
of the original lattice. Its definition, Eq. (|40l) . is such that the corresponding length, L — N a a = N ap ap, equals that 
the latter lattice. (In general we use in this paper units of lattice constant a, for which N a = L.) 

Depending on the asymptote coordinate choice, there are two possible definitions for the ft pseudofermion phase 
shifts associated with the dressed S matrix Sp(qj) given in Eq. (1351) . The uniquely defined quantity is the dressed 
S matrix. The two choices of asymptote coordinates for the ft pseudofermion or ft pseudofermion hole correspond to 
i£ [-L/2, +L/2] and x G [0, +L], respectively. 

If when moving around the lattice ring the ft pseudofermion (or ft pseudofermion hole) departures from the point 
x = —L/2 and arrives to x — L/2, one finds that, 

lim qx = qL/2 + Q Q J2 + Qt{q)/2 = qL/2 + 8p{q), (41) 

x— s-L/2 

where 



Sp(q) = Qp(q)/2. (42) 

For this asymptote coordinate choice, 8p(q) is the overall ft pseudofermion or ft pseudofermion- hole phase shift. 
Moreover, from analysis of Eqs. (fTTj) and (IT5l) it follows that n $p t pi(qj,qji) is an elementary two-pseudofermion 
phase shift. This phase-shift definition corresponds to that used in standard quantum non-relativistic scattering 
theory (45[. It is such that the dressed S matrix, Sp(qj), given in Eq. (|35p can be written as, 

^fe) = e i2fsW , j = l,...,AV (43) 

The factor 2 appearing in the exponential argument of Eq. (|43[) corresponds to the usual form of the S matrix for 
that theory. This phase-shift definition is consistent with an exact Theorem due to Fumi (4(|. For the phase-shift 
definition of Eq. (|42[) . Q"/2 = 0,^^/2 corresponds to the scatter-less term ~lir/2 of the three-dimensional partial- 
wave problem of orbital angular momentum I (45l l46j . Although the orbital angular momentum vanishes in ID, the 
scatter-less phase shift given in Eq. (|16l) plays a similar role. Here we follow the definition of the standard quantum 
non-relativistic scattering theory and choose the overall ft pseudofermion phase shift definition, Qp(q)/2, associated 
with Eq. (|4"Tj) . 

On the other hand, if when moving around the lattice ring the ft pseudofermion (or ft pseudofermion hole) departures 
from the point x — and arrives to x = L, one finds that, 

lim qx = qL + Q° +Q$(q) = qL + Qp{q) 1 (44) 
x^L 

where q refers to the initial ground state. For this asymptote coordinate choice, Qp(q) is the overall ft pseudofermion 
(or ft pseudofermion hole) phase shift and 27r <&p t pi(qj, qj/) is an elementary two-pseudofermion phase shift. 

The overall pseudofermion phase-shift choice, Qp(q) — Q® + Qp{q), is associated with the asymptote condition 
of Eq. (|4"4")l . It corresponds to a generalization of the conventional phase-shift definition previously used in the BA 
literature for both an initial n = 1 and m = initial ground state (4ll . |42| and an initial ground state with electronic 
density in the range n € (0, 1) and zero spin density [40j. (All the discussions and analysis presented below in this 
paper also apply to the phase-shift definition, Qp{q) = Qp + Q*(q), provided that the ft phase shifts 6p(q) = Qp(q)/2 
are multiplied by two.) 

The phase shifts of Refs. [13, |48[ correspond to a particular case of the general elementary two-pseudofermion phase 
shifts considered in this paper. If one considers densities in the ranges n 6 [0, 1[ and m €]0, n] and the specific PS 
subspace spanned by energy eigenstates such that Np = for the ft ^ c, si branches and M™_ x i 2 = for a = r/, s, 
the general integral equations (|B1I) - (|B15[) of Appendix IB1 reduce to the integral equations (20)-(23) of Ref. [13] and 
(32)- (38) of Ref. 

An important property specific to the pseudofermion scattering theory is: 



19 




The phase shift 6p(qj) = Qp(qj)/2 = Q° p /2 + Qf (ft)/2 defined in Eqs. (HSJ and g2|) where Q|fe)/2 and Q^/2 
are the scattering phase shift expressed in Eq. (jlip in terms of a suitable superposition of two-pseudofermion phase 
shifts 7r $p,p'{qj,qj') uniquely defined for each excited state and the BA phase shift of Eq. (H"6l) . respectively, refers to 
all j = 1, ...,N af3 /3-band scatterers of the excited state. This includes both those created under the transition from 
the ground state to the excited state and the scatterers that pre-existed in the ground state. 

This property does not hold for the traditional holon and spinon scattering theories of Refs. [Iol - l42l ]. whose phase 
shifts refer only to the scatterers created under the transition from the ground state to the excited states. Those are 
the scatterers that play as well the role of scattering centers. As discussed below in Section I VII this prevents such 
theories of describing the model dynamical and spectral properties. Indeed, such properties are found to be controlled 
by the phase shifts of both the scatterers created under the transition from the ground state to the excited states and 
pre-existing in the ground state. 

We recall that the above N afi /3-band scatterers, include the Np (3 pseudofermions and Np (3 pseudofermion holes 
that populate the excited state, where N a/} = [Np + No], as given in Eq. (|A10[) of Appendix [S] for /3 — c : av. For 
initial ground states with densities in the ranges n G [0,1] and m € [0,n] such numbers are for instance for the 
(3 = c,sl bands of the PS excited states given by N c = [N + SN C ], = {N a - N - SN C ], N sl = [JV t + SN sl ], and 
= [Nf -N± + SN^i] where 6N C /N a -> 0, SN sl /N a -> 0, and 8N^/N a — ^ as A^ a — y oo. 
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Thus the pseudofermion scattering theory provides the phase shifts of a macroscopic number N a of c band scatterers 
and N + SN aal of si band scatterers, which result from their scattering with the scattering centers emerging in one or 
several /3' bands under the transition from the ground state to the excited state. The number of created /?' scattering 
centers under a transition from the ground state to a excited state is much smaller than that of the theory scatterers. 
It given by, 



where the deviations SNpi (qj> ) are those on the right-hand side of the scattering phase-shift expression given in Eq. 
([lip. They refer to the creation of one j3' — c, av pseudofermion scattering center of momentum for 5Npi(qj>) = 1 
and one f3' — c, si pseudofermion-hole scattering center of momentum qy for SNp/(qj>) — — 1. All N afj = [Np + No] 
/3-band scatterers acquire a phase shift TT<&p t p>(qj,qy) due to their interaction with each created /?' scattering center, 
as confirmed by the form of the scattering phase shift Qg(qj)/2 given in Eq. (|11[) . 

B. The two-pseudofermion phase shifts: Bare-momentum dependence and Levinson's Theorem 

The bare-momentum two-pseudofermion phase shifts, %$>p t p'(q, q'), are related to the rapidity two-pseudofermion 
phase shifts, TT^p t pt{r, r'), by Eq. (fT4)) . The latter phase shifts are defined by the integral equations (IB1|) - (|B15I) of 
Appendix|5] In that Appendix we provide the general equations that define the rapidity elementary two-pseudofermion 
phase shifts, 7T$>p t p>(r,r'). In addition, in Appendix IBI corresponding simplified equations specific to the m — >■ limit, 
closed-form expressions valid in the m — > 0, n — > 1 limit, and analytical expressions valid for U/t — > as m — > are 
provided. 

In Figs. [T]|n] the two-pseudofermion phase shifts in the expressions of the overall phase shifts associated with the 
excited states that mostly contribute to the spectral weights are plotted. The plots are as a function of the bare- 
momenta q and q' for electronic density n = 0.59, spin density m — > 0, and U/t — > and U/t = 0.3,4.9,100. (The 
electronic density n = 0.59 and the value U/t — 4.9 are those used in Rcfs. BUI HI for the description of the TCNQ 
photoemission dispersions observed in the quasi-lD organic compound TTF-TCNQ.) 

The two-pseudofermion phase shift tt $ c ,, ; i (<?, q') plotted in Fig. [5]in units of tt has values in the domain $ c ,?7i (q, q') € 
[— 1, 1]. Within the standard quantum non-relativistic scattering theory phase shift definition given in Eq. (|41j) . this 
corresponds to the phase-shift range tt $ C)7) i(<7, q') E [— tt,tt\. Note that the width of this domain is 2tt, whereas the 
definition of Eq. (l4"4l would lead to a domain of width 4ir. 

The phase shifts tt §p y p>(q, q 1 ) fully control the expression of the / functions given in Eq. (|2"0"|) . Moreover, analysis 
of the expressions provided in Eqs. (|A20|) and (IA21[) of Appendix [A] reveals that also the (3 energy dispersions involve 
such phase shifts. Specifically, according to the expressions provided in Eq. (|A20[) of Appendix[A]the energy associated 
with the creation of a /3 pseudofermion has a contribution from the phase shifts felt by all ground-state c Fermi sea c 
pseudofermions, as a result of its creation. Consistent, the J®q dk integration in such expressions may be written in 

terms of a corresponding bare- momentum integration dq' = J^_2k F ^ anc ^ alternatively of a sum X^Li ^c(lj')- 

Here N®(qj>) = and N®(qj>) = 1 for \qj/\ > 2Uf and < 2fcp, respectively. Under such a variable transformation, 
&c,p is replaced by a bare-momentum two-pseudofermion phase shift in units of tt, $ Cii a(g', q) = <fr c ^p(qj> , qj), Eq. (|14l) . 
In it the c pseudofermion and the j3 pseudofermion are the scatterer and the scattering center, respectively. (Here we 
have used the notation <& Ct p(qji , qj) rather than our usual notation & c ^p(qj,qj>). That choice is that consistent with 
the argument of the corresponding energy dispersion £p(qj) in Eq. (|A20p of Appendix |A1 being denoted by qj.) 

The properties of the /3 pseudofermions are consistent with the absence of /3 pseudofermions bound states. Here we 
confirm that the corresponding phase shifts tt 3>p t p/(q, q') associated with the elementary two-pseudofermion scattering 
events obey Levinson's Theorem 49] provided that there are no such bound states. Such a theorem states that when 
in the reference frame of the scattering center the momentum of the scatterer tends to zero the phase shift is given 
by nNb, where Nb is the number of bound states. In that frame, the phase shift ir§p,pi{q,q') reads tt Qp ,p/(q — q' , 0). 

In our case the, BA-solution av momentum bands occupancy configurations are consistent with the absence of (3 
pseudofermion bound states. On the other hand, Levinson's Theorem must hold for the present scattering theory. 
The two requirements of absence of /3 pseudofermion bound states and validity of Levinson's Theorem arc fulfilled 
provided that the two-pseudofermion phase shifts of the present theory obey the following equation, 




(45) 



p> j'=i 



lim TT§p,p>{q - q',0) = 0. 



(46) 
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FIG. 4: The elementary two-pseudofermion phase shift ir $ s i, s i (g, q') in units of 7r as a function of q and g' for n = 0.59, m = 0, 
and (a) U/t — > 0, (b) = 0.3, (c) U/t = 4.9, and (d) U/t = 100. The bare-momentum values g and q' correspond to the 
right and left axis of the figures, respectively. 



To check whether this equation is obeyed, after a straightforward algebra involving the integral equations (|B1[) - (IB15[) 
of Appendix IB1 we have found that ir (r, r') = — ir (— r, —r'). This result combined with the use of Eq. (fT4|) 
and the odd character of the ground-state rapidity functions, Ag(g) = — A°(— q) [7j, then leads to, 



(47) 



This latter symmetry implies that Tr<f>p t p>(q — q',0) is an odd function of q — q' . This confirms both the validity of 
Levinson's Theorem, Eq. (|46)l . and the absence of j3 pseudofermion bound states. 



IV. EFFECTS OF THE PSEUDOFERMION INVARIANCE UNDER THE ELECTRON - 
ROTATED-ELECTRON UNITARY TRANSFORMATION ON THEIR SCATTERING PROPERTIES 



The /3 pseudofermions have the same transformation laws under the electron - rotated-electron unitary transforma- 
tion as the corresponding (3 fermions. For the latter objects such transformation laws and corresponding invariances 
were studied in the first paper. 

Here we address the issue of the effects of the pseudofermion invariance under the electron - rotated-electron unitary 
transformation on their scattering properties. We consider two different cases of PSs whose initial ground states refer 
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to (i) densities in the ranges obeying the inequalities < n < 1 and < m < n and (ii) densities n = 1 and/or m = 0. 
The effects of the pseudofermion invariance under the electron - rotated-electron unitary transformation are different 
for these two PS types. 



Effects of the pseudofermion invariances on their scattering properties for densities in the ranges 
obeying the inequalities < n < 1 and < m < n 



The /3 pseudofermions are not in general invariant under the electron - rotated-electron unitary transformation. 
The exception is as the canonical momentum q of the composite j3 — av pseudofermions approaches its limiting 
values, q — > ±g Q „, and their energies obey Eq. (|37[) . As discussed in the first paper for the composite av fermions, 
this invariance occurs provided that the corresponding velocity, v au (q) = de° av (q) / dq = de al/ (q)/dq, vanishes at those 
limiting momentum values, v au (±q[j) = 0. Below it is confirmed that the functional q~j = q(qj) of Eq. (|10p is such 
that q(±q av ) = ±q al/ provided that v av (±qp) = 0. The latter condition is met for all av ^ si branches in all PSs. 
For the si branch it is met only for PSs whose initial ground state has a small or vanishing number, N s \, of si 
pseudofermions such that N sl /N a —> as N a —> oo. On the other hand, all ground states have zero occupancy of 
av si pseudofermions. 

Here we study the role of such a symmetry in the scattering properties of the av pseudofermions for PSs whose 
initial ground states have densities in the ranges < n < 1 and < m < n. First we use the phase-shift expressions 
involving av pseudofermions of canonical momentum q — ±q al , and vanishing velocity v au {±q av ) — to extract 
useful information about their properties. Concerning the particular case of the si branch, below we account for the 
condition v s \{±q s \) — being met provided that N s i/N a — > as N a — > oo being equivalent to consider that r° — > 
in the the integral equations, Eqs. (|B1[) - (|B3[) of Appendix [El for the two-pseudofermion phase shifts n $> s i t p'(q, q 1 ). 
Next we use such properties to clarify the effects of the si pseudofermion invariance under the electron - rotated- 
electron unitary transformation. (In this section we use in general the notations av and j3' to denote the branch of 
the pseudofermion or pseudofermion- hole scatterers and scattering centers, respectively.) 

Our first goal is to show that the av pseudofermions of limiting canonical momentum q = ±q ai/ and vanishing 
velocity v ai/ (±q al/ ) = are not active scatterers. Active scatterers are those whose overall phase shifts generated 
by the ground-state - excited-energy-eigenstate transitions lead to a shift of the corresponding canonical-momentum 
values. In the following we confirm that the ground-state limiting canonical-momentum values q — ±q Q „ of such av 
pseudofermions are not shifted by the ground-state - excited-energy-eigenstate transitions, so that q av — q av and 
v av {±q av ) = v av {±q av ) = 0. 

In contrast to the band limiting momentum values of usual band particles and Fermi-liquid quasi-particles, the 
av band bare-momentum limiting values ±q Q „ given in Eq. (IA9|) of Appendix [A] of the composite av fermions 
can change due to shake-up effects. Those are caused by the ground-state - excited-energy-eigenstate transitions. 
Since ±5q al/ — ±ir8N aoiv /N a , such an exotic behavior occurs when the deviation SN aav , Eq. (|2"oT) . generated by the 
ground-state - excited-energy-eigenstate transition is finite. 

On the other hand, in what the av pseudofermions is concerned, we find from the use of the integral equations, 
Eqs. (|B"T|) - (|B"3|) of Appendix [Bl for the two-pseudofermion phase shifts, 7T® a i,p'(q,q'), and Eqs. (IB10I) - (|B15|) of 
the same Appendix for the two-pseudofermion phase shifts, n $ Q „ t pi (q, q'), involving the av ^ si branches that 
the two-pseudofermion phase shifts ir$ s i,p'(i>qsi,q) m the r° — > limit and the two-pseudofermion phase shifts 
Tt'&aiv,p'( l ' ( lasvt ( l) of the oo> 7^ si branches have the following expression, 



^^ av ,0'(cq av ,q) 



S/3>,c{Sa,Ti - Sa,a) + §/3',a'v'S a ,a' (S v , v i + V + v' - \v - v'\) 



I = ±1 



(48) 



The 



limit in which this expression is valid for the si branch is reached when N s i/N a — > as N a — > oo. As 



found in the first paper, this is exactly the only limit in which the condition v s i(iq s i) = is fulfilled. 

The two-pseudofermion phase-shift expression given in Eq. (|48|) is valid provided that q ^ i q av > for /?' = av' 
use in the general overall scattering phase-shift expression given in Eq. (fTT|) leads to, 



Its 



I 7T 



6N a y - [S a ,ri ~ <>a,s]8N c 



E 



{v + v' -\v-v'\)5N av , 



±1 



(49) 



Comparison of this expression with that of i8q av = Lit 5N aav /N a where N aa 



N^ v ] and N% v is provided in 



Eq. (|A11[) of Appendix^ confirms that Q'u V {Lq a u) / N a — —i5q alJ . For the si pseudofermions such results are valid 
in the above limit in which v a i{iq s \) = 0. 

For a j3' = av' pseudofermion scattering center the two-pseudofermion phase shift expression provided in Eq. (|4"5]l 
does not apply at q — iq av ' ■ However, from the form h al/ (q) — A^(q(q)) of the PS excited energy-egenstates rapidity 
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FIG. 5: The elementary two-pseudofermion phase shift n ^ c ,r]i(q, q') in units of tt as a function of q and q' for n = 0.59, m = 0, 
and (a) U/t — >■ 0, (b) = 0.3, (c) U/t = 4.9, and (d) U/t = 100. The bare-momentum values g and g' correspond to the 
right and left axis of the figures, respectively. 



function given in Eq. (jHJ, where A° v (g) is the corresponding expression for the initial ground state, one confirms 
that the relation Q% v (bq a u)/N a = iSq av is valid for all PS excited states provided that v av (iq av ) = 0. The rapidity 
functions of the excited energy eigenstates of a given initial ground state equal those of the latter state with in the 
argument of such functions the ground-state bare momentum replaced by the excited-state canonical momentum. This 
property implies that the corresponding bare-momentum and canonical-momentum bands have precisely the same 
momentum width. Hence one has that Qa V { L 1av)/N a = —b5q av for all PS excited states provided that v au {tq av ) = 0. 

We have just confirmed that whenever v av {iq av ) = the scattering phase shift leads to a canonical- momentum 
shift Q® v (±q av )jN a — ^8q av that exactly cancels the bare-momentum shift ±5q au . Hence the overall canonical- 
momentum shift ±5q al , — ±5q al/ + Q% v (±q a u)/N a indeed vanishes. It follows that for the av pseudofermions of 
vanishing velocity v av (iq al/ ) = the limiting canonical momenta have the same values, ±q a v, both for the ground 
state and PS excited energy eigenstates. As a result, at q — ±q av such objects are not active scatterers. 

Next we investigate the properties of the av pseudofermions of canonical momentum q — ±q au and vanishing 
velocity v al ,(±q a ^) — as scattering centers. In the following we use the PS property that for energy eigenstates 
belonging to such a subspace the limiting momentum q av of Eq. (|A9|) of Appendix fA"! equals that of the initial ground 
state provided in Eq. (|A12p of Appendix fAl By use of the integral equations, Eqs. (|Bip - (|B15j) of that appendix, and 
Eqs. (A.11)-(A.14) of Ref. [8|, we find after some algebra that for aV ^ si branches the two-pseudofermion phase 
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FIG. 6: The elementary two-pseudofermion phase shift tt <& 3 i. n \ (q, q 1 ) in units of 7r as a function of q and q' for n = 0.59, m — 0, 
and (a) U/t — > 0, (b) U/t = 0.3, (c) U/t = 4.9, and (d) U/t = 100. The bare-momentum values q and g' correspond to the 
right and left axis of the figures, respectively. 



shift ■n^p, a ' V :{q 1 Lq a : l/ :) may be expressed as follows, 



7r r 

7T$/3, a 'i/'(?! IQa'!") = \&p,c ~ S/3,au5 a ,u> {—S v ,v> + V + v' - \ V - v' \ 



l'=±1 



±1 



(50) 



Again, for a'v' = si this expression is valid only in the limit of vanishing velocity v s i(±q s i) ~ in which 
27r C&/3.S1 (g, t' kpx) = 27r $^ iS i(g, t' 0) = 0. In that expression f3 stands for any of the branches with finite pseud- 
ofermion occupancy for the excited state under consideration. The values of q are such that \q\ < q a i v i for j3 — a'v. 
Otherwise they can have any value and thus correspond to any excited-state active /3 scatterer. 

The form of the two-pseudofermion phase-shift expression given in Eq. (|50|) reveals that, except for the constant 
phase-shift terms, creation of one r\v' pseudofcrmion (and one sv' ^ si pscudofcrmion) at canonical momentum 
q-qv' = — 2kp] (and q sv i — i [kp^ — ^F\\ for v' >\ and q s \ = i2kp as kp^ — ¥ 2kp, kp^ — > 0, and thus v s i(iq s i) = 0) 
is felt by the /3 pseudofermion or f3 pseudofermion-hole active scatterers as a c pseudofermion (and a c and si 
pseudofcrmion) Fermi-points current excitation. Such an excitation is associated with a shift, Lir/N a , of both c bare- 
momentum Fermi points (and a shift, l-k /N ai of both c bare-momentum Fermi points and a shift, — i2ir/N a , of both si 
bare- momentum Fermi points). Thus, such scatterers effectively feel that they are scattered by c Fermi-point current 
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shifts (and c and si Fermi-point current shifts), rather than by the r/v' (and sv') pseudofermion created at canonical 
momentum q vv > = i [tt — 2kp] (and q sl/ > = i [fc^t — kp\\ for v' > 1 and q s i = u2kp as — > 2kp and kp\. — > 0). 

Active scattering centers are those that contribute to the scattering phase shift given in Eq. (fTTj) . For instance, 
small- momentum and low-energy c and si pseudofermion particle- hole processes in the vicinity of the corresponding 
P = c, si Fermi points, called elementary processes (C) in Ref. 0], do not generate active scattering centers. Within 
such processes the phase shifts generated by the pseudofermion particle-like excitations exactly cancel those produced 
by the pseudofermion hole-like excitations. 

The definitions of active (3 — av scatterers and active f3' = aV scattering centers refer to different phase shits. 
Active j3 — av scatterers of canonical momentum q~j = q(qj) (and active /?' — aV scattering centers of canonical 
momentum q'j = q(q'j)) are those whose overall phase shift Qp(qj)/2 = Q^/2+Q^(qj)/2, Eq. (|15l) . leads to a canonical 
momentum value gj- ^ qj (and those that contribute to the scattering phase shift Qp(qj)/2 defined by Eq. ((TT|) ) . 

The part of the /?' bare-momentum distribution-function deviation generated by j3' active scattering centers can 
be written as 6N$ F (q') + 8N$,(q') + SN^(q') x S V3l{qsl)fi for the f}' = c, si branches and SN$ F {q') + SN^(q') for 
the f3' = a'v' ^ si branches. Here 8Np, F (q') is generated by the processes called elementary processes (A) in Ref. 
Q. Those create and annihilate (and create) = c, si pseudofermions (and /3' = a'v' ^ si pseudofermions) away 
from the /3' = c, si Fermi points and si limiting values ±g s i = ±2fci? as fopf — ^ 2fci? and fepj. — > (and from the 
limiting values ±q a 'u')- On the other hand, SN F ,(q') and 6N^,(q J ) are generated by the processes called elementary 
processes (B) in the same reference. Those create and annihilate (and create) (3' — c, si pseudofermions (and /?' = a'v' 
pseudofermions of vanishing velocity) at the /3' — c, si Fermi points (and at the limiting values ±q a > u i). In this section 
we are mostly interested in the scattering centers associated with the deviation 8N F ,(q') and SN^,(q'), whose general 
expression reads, 



For the f3' = si branch the deviation SNa,(q') applies only to the vanishing- velocity si pseudofermion scattering 
centers with si limiting values ±q s i = ±2kp, which corresponds to the —> 2fcp and kp\ — > limit. In the above 
equation the deviation numbers 6N£, (and SN^,) are such that 6Np> = SN^, + SN^ F (and SNpt = SN^, + 5N^ F ). 

They can be expressed as SNf = SN^, +1 + SN^, _ 1 (and SNjjf, = 5N^, +1 + SN^, ^). Here 5N^ l ±l is the deviation 
in the number of j3' = c, si pseudofermions at the right (+1) and left (—1) f3' = c, si Fermi point (and SNk L is 
the deviation in the number of ft' — a'v' pseudofermions created at iqpi with i = ±1). The deviation current 
numbers (and deviation current numbers) read 26 J F , = [SN F , +1 — 5N F , _ 1 ] for j3' = c, si pseudofermions (and 
28Jjji = [SNpi +1 — 5Np, _-J for vanishing-velocity /3' = a'v' pseudofermions). For the j3' = a'v' ^ si pseudofermions 
the deviations SNpi = SNp, + SN^, F equal the corresponding numbers Npi — Np, + N^i F . Indeed the j3' = a'v' ^ si 
pseudofermion occupancy vanishes for initial ground states. 

According to the PDT of Ref. Q, the elementary processes (A), (B), and (C) mentioned above lead to qualitatively 
different contributions to the spectral-weight distributions. The PDT studies of these references considered that 
creation of r]v' pseudofermions and sv' ^ si pseudofermions at the limiting bare-momentum values is felt by both the 
c and si scatterers as effective c scattering centers and effective c and si scattering centers, respectively. However, 
such studies applied only to /3 = c scatterers and j3 = si scatterers of bare-momentum value q = ±qpp. Hence the 
general two-pseudofermion expression provided in Eq. (I50j) generalizes that result to all active ft = c, av scatterers of 
arbitrary bare momentum q. 

From the linearity in the deviations of the overall scattering phase shift given in Eq. (JUD, one can write Qf (<?)/2 = 
[Q^ N F \q) / 2+Q^ F \q) / 2]. Also the part of the total momentum deviation of Eq. (|27|i associated with the elementary 

processes (A) and (B) can be written as 5P NF + 5P F . After some algebra involving the use of Eqs. (jXTJ) , (|27[) . (|50l) . 
and (|5ip. we reach the following expressions for such quantities, 



+ i6J% S, 



P'=c,sl; 




(51) 




(52) 
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(53) 
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SP 



NF 



53 53 g ' 6n$'w +5353^-9'] <5</(</) 

3'=c,sv' q' rju' q' 



sp f = tt [m;« 1/2 + 53 



OO 



+ 4k t 



5 + 53 j 7 %, + 53 j s i, + sj^ x ^ 8l(gsl) ,o + 2fc Fi sj% - 2 53 j£, 



(54) 



In the above expressions we used that SJpi — Jp> for the /?' = a'v' ^ si scattering centers. 

The general expression of the phase shift Q^ F \q)/2 given in Eq. ([53)) is valid for all active j3 scatterers. In the 
5P F expression of Eq. (|54[) we have included the contribution from the unbound —1/2 ?7-spinons. (The momentum 
contributions from the unbound +1/2 r/-spinons and ±1/2 unbound spinons vanish.) Note that the current con- 
tributions to the momentum spectrum 5P F given in Eq. (|54j) . which multiply Akp and 2kpi, are identical to the 
current contributions to the scattering phase shift of Eq. (|53"|) . which multiply the phase shifts tt 3' / g jC (g, 1! 2kp) and 
tt $p, s i(q, l' k Fi ), respectively. 

That the vanishing-velocity a'v' pseudofermions of limiting canonical-momentum values q — > ±q a / u / are not active 
scatterers and are felt by the active scatterers as effective c scattering centers and both effective c and si scattering 
centers, respectively, follows from their invariance under the electron - rotated-electron unitary transformation. Such 
an invariance is related to the 2v' = 2, 4, 00 77-spinons contained in a vanishing-velocity composite rjv' pseudofermion 
(and the 2v' — 2,4, ...,00 spinons contained in a vanishing-velocity composite sv' pseudofermion) losing their anti- 
bound (and bound) character as q — > iq^u' (and as q — > ±g SI/ /). Consistent, in that limit the pseudofermion energy 
reaches its maximum (and minimum) magnitude, given in Eq. (|37l) . Alike for the corresponding a'v' fermion, in that 
limit the a'v' pseudofermion energy is a mere sum of the 2v' — 2, 4, 00 77-spinon (a = 77) or 2v' = 2, 4, 00 spinon 
(a = s) energies, so that Eq. (|37|) is obeyed. Each of the corresponding 2v' unbound 77-spinons (and 2v' unbound 
spinons) has an energy, given in Eq. (|39p . equal to that of a unbound 77-spinon (and a unbound spinon) with the same 
77-spin (and spin) projection. 

The main difference between the 2i/-77-spinon configurations (i) of A^li/j = v' unbound —1/2 77-spinons plus 
^7+1/2 = v ' un bound +1/2 ?7-spinons and (ii) the 2v' anti-bound 77-spinons of one vanishing- velocity rjv' pseud- 
ofermion of canonical momentum q = iq^' is that the former configuration has a total 77-spin value, S n — v' , whereas 
the latter is a 77-spin-singlet configuration. (The same holds for vanishing-velocity sv' pseudofermions of canonical 
momentum q — ±q S v' provided that one replaces the 2v' 77-spinons by 2v' spinons.) 

Hence for the a'v' branches the picture that emerges is that in the q — > ±q VV ' (and q — > ±q sv i) canonical- momentum 
limit the corresponding vanishing- velocity r\v' pseudofermion (and a vanishing- velocity sv' ^ si pseudofermion) 
decouples into 2v' = 2, 4, 00 77-spinons of vanishing anti-binding energy (and 2v' — 2, 4, 00 spinons of vanishing 
binding energy) and one rjv' (and sv') FP current scattering center. By a rjv' (and sv') FP current scattering center 
we mean here the elementary current 8J F U , — l/2 (and 5J^ U , — l/2) generated by creation of one vanishing-velocity 
r/v' pseudofermion (and one vanishing- velocity sv' pseudofermion) at canonical momentum q = dzq^^ — ±[tt — 2kp] 
(and q = ±g S!/ ' = ±[fcj?i- — kpi] for sv' + 1 si and q = ±g s i = ±2kp as kp-f — > 2kp and kpi — > 0). As confirmed by 
the form of the phase shifts given in Eqs. (|50| and (|53| . such elementary currents are felt by the j3 active scatterers 
as elementary shifts of both c Fermi-points (and both c and both si Fermi-points). This justifies the designation FP 
(from Fermi-points) current scattering center. 
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B. Effects of the pseudofermion invariances on their scattering properties for densities n = 1 and/or m = 

The general pseudofermion scattering theory introduced in this paper also applies to PSs with initial = and/or 
S s = ground states, provided that the specific issues addressed here are accounted for. For an initial ground state 
with S„ — and thus electronic density n = 1 (and S s = and thus spin density m = 0) one has that the number 
of r/v band (and sv 7^ si band) discrete canonical momentum values N a (and N aav ) vanishes. This means that the 
corresponding pseudofermion branch does not exist. If one takes into account that for a ground state the numbers 
N av vanish for all av ^ si branches, one finds from inspection of the N^ v expression provided in Eq. (|All|) of 
Appendix lAl that for S a = the number N aav = [N av + N^ v ] vanishes as well. 

For simplicity, we focus our attention onto excited energy eigenstates of such an initial ground state with a single 
r\v pseudofermion, N VI/ = 1, and vanishing number values, N^i = 0, for v' > v branches (and a single sv 7^ si 
pseudofermion, N sv = 1, and vanishing number values, N sv i = 0, for v 1 > v branches). For these excited states the 
use of Eqs. (|A10p and (IA11[) of Appendix [Al leads to N ai u = 1 (and N asv = 1). The corresponding rjv (and sv) band 
reduces to the bare momentum q — dzq^^ — (and q = ±q su = 0.) Indeed, at n — 1 (and m = 0) one finds from Eq. 
(|A12[) of Appendix [Al that q nv — [ir — 2k F ] = (and q 8V = \k F ^ — k F ^\ — 0.) 

The number — [N a — 2S C ] and the number whose general expression is given in Eq. (|A11[) of Appendix lAl 
may be written as N£ = Af,™ + 2 J27=i vN vu and N si = M T + 2 Y^=i( v ~ ^)N SV , respectively. S v = and n = 1 
(and = and m = 0) initial ground states have full c bands (and si bands), so that = (and Njji = 0.) Hence 
a property specific to excited energy eigenstates of = and n = 1 initial ground states is that their c band has 2is c 
pseudofermion holes for each r\v pseudofermion and one c pseudofermion hole for each unbound 77-spinon. Similarity, 
the si band of excited energy eigenstates of S s = and m — initial ground states has 2(v — 1) si pseudofermion 
holes for each sv 7^ si pseudofermion and one si pseudofermion hole for each unbound spinon. 

If one further considers the particular case of the initial S v = 0; S s — 0; 2S C — N a absolute ground state, it follows 
from Eqs. p26]) . (|B35| . ([B36]) , and (jB37|) of Appendix |B] that %<& CiSU ,{q, 0) = it% u<av >{q, 0) = tt (q, 0) = 
for sv' 7^ si. On the other hand, we find below that the value of the phase shifts tt 4> c t7]V (q, 0) (and n & s i SJ/ (q, 0)) 
is fully determined by the 2v (and 2(y — 1)) bare-momentum values of the c pseudofcrmion-hole (and 2(y — 1) si 
pseudofermion-hole) scattering centers. Thus, for excited states of the initial S v = 0; S s = 0; 2S C = N a absolute 
ground state the c and si scatterers feel the creation of one rjv pseudofermion (and one sv ^ si pseudofermion) as 
that of 2v c effective scattering centers (and si effective scattering centers). 

Such effective scattering centers are different from those considered above for the excited states of ground states 
with electronic density (and spin density) in the range obeying the inequality < n < 1 (and < m < n). For the 
excited states of a n — 1 (and m = 0) initial ground state considered here the current number J±, (and J^) vanishes 
and thus there are no rjv (and sv si) FP current scattering centers. The occurrence of the type of c (and si) 
effective scattering centers considered in this section follows from the non-scatterer character of the corresponding rjv 
pseudofcrmions (and sv 7^ si pseudofermion), as discussed in the following. 

In spite of the lack of ground-state rjv (and sv ^ si) pseudofermion bands, the scattering theory can be generalized 
to an initial ground state with electronic density n = 1 (and m — 0). The point is that the "in" asymptote one- 
pseudofermion scattering states do not contribute to the direct-product expression of the initial ground state but rather 
to that of the "in" state defined in Section Hi CI For the excited states of n = 1 (and m = 0) ground states considered 
here, the rjv (and sv 7^ si) bare-momentum band corresponds to a single value at q = ±q nl/ = (and q = ±q su = 0). 
For initial ground states with densities < n < 1 and < m < n and except for non-physical higher-order 1/N a 
contributions, the scattering canonical- momentum shift Q^(q)/N a , Eq. (|11[) , has the same value whether one uses 
the ground-state rapidity functions A°(q) and A^,(q') or the corresponding "out"-state (excited-energy-eigenstate) 
rapidity functions A.p(q) and hpi(q') in the general expression provided in Eq. (|14p for the two-pseudofermion phase 
shifts. Indeed, these two alternative definitions of the two-pseudofermion phase shifts lead to the same value of the 
functional Q^{q)/N a up to contributions of order 1/N a . The general pseudofermion scattering theory introduced 
above also applies to initial ground states with densities n — 1 and/or m = provided that the following procedure 
is performed: 

Two-pseudofermion tt $>p t pi(q,q') phase-shift definition for transitions to the excited states of a S a — 
ground state where a = rj and/or a = s - For such an initial ground state there are no (3 — av 7^ si 
pseudofermion bands. Hence the two-pseudofermion expression of Eq. (| 14[) should be replaced by tt ^^^'(g, q') = 
-K$p^i(A.p{q)/u,kpt(q')/u). Here the rapidity function Ap(q) (and Ap>(q')) is that of the excited state if ft = av 7^ si 
(and j3' — a'v' 7^ si) and of the initial ground state if ft = c, si (and ft' = c, si). Since the former rapidity function 
is that of the excited state under consideration, it follows that for the particular case of such an initial ground state 
the quantity given in Eq. (| 14[) is a functional, rather than a function. 

The energy of the r\v pseudofermion of bare momentum q = iq^ (and sv 7^ si pseudofermion of bare momentum 
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q = ±q S u) of the excited states considered here obeys the equality of Eq. (|5T|) . Hence such objects are invariant under 
the electron - rotated-electron unitary transformation. This is alike for vanishing-velocity ft — av pseudofermions of 
canonical momentum ±<7 a „ created under the transitions to the excited states of ground states with densities in the 
ranges < n < 1 and < m < n. Those were considered above in Section TlV Al Consistent with that invariance 
and as discussed in the first paper, creation of such a r\v pseudofermion (and sv pseudofermion) leads to a change v 
in the number of lattice sites doubly occupied by both electrons and rotated electrons (and singly occupied by both 
spin-down electrons and spin-down rotated electrons). The 2v 77-spinons (and 2v spinons) of that vanishing- velocity 
r\v pseudofermion (and vanishing- velocity sv pseudofermion) are not energetically anti-bound (and bound). 

In spite of their energetic non-anti-binding (and unbinding) character, such 2v 77-spinons (and 2v spinons) remain 
being in a collective 77-spin-singlet (and spin-singlet) configuration. The corresponding above mentioned c effective 
scattering centers (and si effective scattering centers) associated with the r/v pseudofermion (and sv 7^ si pseud- 
ofermion) refer to such a 77-spin-neutral (and spin-neutral) collective configuration. 

Since av 7^ si bands do not exist for aS„ = initial ground state, one has that Q a ^(0)/N a — Q® v {0)/N a for 
a olv 7^ si pseudofermion created onto such a state. Moreover, the invariance under the electron - rotated-electron 
transformation of a av 7^ si pseudofermion created onto a S a = ground state implies that it is not an active 
scatterer. For the class of excited states considered here a necessary condition for such an object not being an active 
scatterer is that it is not a scatterer at all. Since the av 7^ si bare-momentum band of the "in" state has a single value 
at q — ±q al , = 0, it is required that the corresponding canonical-momentum band of the "out" state has also a single 
value at q = ±q au = 0. This implies that Q a v{fy/N a = Q% v ($)/N a = 0, and thus that the av 7^ si fermion remains 
invariant under the fermion - pseudofermion unitary transformation. This is a confirmation that the corresponding 
av 7^ si pseudofermion is not a scatterer. 

However, the requirement that such a av 7^ si pseudofermion is not a scatterer and thus that Q® v (0)/N a = 
imposes a specific form to the corresponding effective two-peudofermion phase shifts n $ Q i>,/3'(0, q'). Since such objects 
are not scatterers, the quantities w $ay,/3'(0, q') are not actual two-peudofermion phase shifts. They may be seen as 
mere effective two-peudofermion phase shifts whose values are such that the overall scattering phase shift Q*„(0)/2 
vanishes. Thus, there is no requirement for them to obey Levinson's Theorem. 

For simplicity, we consider S v — 0; S s — 0; 2S C — N a excited energy eigenstates of the initial S v = 0; S s = 0; 2S C = 
N a absolute ground state. Hence such excited states have no unbound 77-spinons and no unbound spinons. Specifically, 
we consider three types of such excited states with pseudofermion occupancy in the c and si bands, none or a finite 
number M™" of unbound 77-spinons and M" n of unbound spinons plus (a) one r/v pseudofermion and one sv' 7^ si 
pseudofermion, (b) one r/v pseudofermion, and (c) one sv 1 7^ si pseudofermion. The initial S v = 0; S s = 0; 2S' C = N a 
absolute ground state is described by full c and si pseudofermion bands whose c and si Fermi momenta read qp c = 
2kp = q c = Ti" and qFsi — ^fj. = <7si = &Ff = kp = tt/2, respectively. Thus, from the use of Eq. (|A11I) of Appendix 
E] we have that SN C = -SN^ = -(M™ + 2v), SN sl = — [(M™ + M s u ™)/2 + (v + v% 5N^ = [M™ + 2{v' - 1)] 
for the excited states (a), SN C = -5N£ = -(M% n + 2v), 5N sl = -[(M™ + M s "")/2 + v], SN^ = M"™ for the 
excited states (b), and SN C = -5N^ = —M" n , SN sl = — [{M^ n + M s " n )/2 + v'}, SN^ = [M" n + 2(v' - 1)] for 
the excited states (c). On the other hand, according to Eqs. (IB26|) . (|B27[) . and (|B37|) of Appendix [Bl within 
the simultaneous m — > and n — > 1 limits the two- pseudofermion phase shifts that contribute to Q*„(0)/2 and 

Q*,(0)/2 simplify to tt ^r, v , sv . (r, r') = tt # si/ /, c (r', r) = n $ su >, V u (r', r) = 0, tt iv, c (r, r') = arctan^^^), and 
^^su',si (f'tf) — arctan^^T^jj for sv' =/= si. It follows then from the use of Eq. (TTTI) that for the excited energy 
eigenstates (a)-(c) the equation Q*„(0)/2 = and/or Q%,(0)/2 = leads to, 
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£ E arctan =0 



h=\ h=l 



h=l h=l 



Here the first and second equations refer to the c branch and both the states (a) and (b) and to the si branch and 
both the states (a) and (c), respectively. In these equations the set of M™ 1 + 2v = 2,4,6,... values {qh} and of 
M" n + 2(v' — 1) = 2,4,6,... values {q' h } correspond to the excited-energy-eigenstate c pseudofermion holes and si 
pseudofermion holes, respectively. The ground-state rapidity functions A"(q) = sinfco(<z) and A° 1 (q) are defined in 
terms of their inverse functions, as provided in Eq. (|A14|) of Appendix |A"1 For the present n — 1 and m = ground state 
such inverse functions may be written explicitly, as given in Eq. (|A16[) of that appendix. The form of the equalities 
given in Eq. (f55j) reveals that the corresponding solutions, A j;l ,(0) = A ?;! ,(0, {qh}) and/or A su >(0) = A sv i(0, {q' h }), are 
functions of the above sets of bare-momentum values {qh} and {q'h}, respectively. 
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We obtained here Eq. which the functions A w (0) — A nv (0, {qh}) and A sv > (0) = A sv < (0, {q'h}) for the rapidities 
A^ l/ (0) and A s „/(0), respectively, obey, from the invariance under that unitary transformation of the corresponding 
f]V and sv' ^ si pseudofermions. For the above excited states the solution of the thermodynamic BA equations, Eqs. 
(|A2j) - (|A4j) of Appendix lAl at <^ = c/)± = 0, exactly leads to the same functions, thus also obeying Eq. (|55j) . This 
confirms that for such excited states the exact solution of the BA equations is equivalent to imposing the symmetry 
requirement <2*„(0)/2 = and Qf^, (0)/2 = associated with the invariance under the electron - rotated-electron 
unitary transformation and corresponding non-scatterer character of the r\v pseudofcrmion and/or sv' pseudofermion 
under consideration, respectively Here the BA solution accounts for that symmetry. 

The above functions A I(l/ (0) = A v „(0, {qh}) and A sv '(0) = A sz ,/(0, {q'h}) are to be used in the following expressions, 

*aw(o >g = Ml, MM) =arctan (V(°^})- AM) . 

\ u u / V v u / 

7r$ s „', s i(0,g J = 7T$ S!/ / )S i , = arctan — — . 56) 

V u u / \ [v' — 1) u / 



They assure that Q*„(0)/2 = and/or Q%,(0)/2 = 0. The simplest case corresponds to M™ n = M" n = and 
v = 1 and/or v' = 2. In that case the solution of Eq. (|55|) leads to A n i(0, q\, (72) = [A°(gi) + A°(c?2)]/2 and/or 
A S 2(0> Q^) — [^siC^'i) + •^■si(9 , 2)]/2> respectively. Hence, the symmetry requirement that the r\v pseudofermion 
(and sv 7^ si pseudofermion) considered here is not a scatterer implies that the corresponding rapidity function 
Atj^(O) = Ajj^O, {qh}) (and A s „/(0) = A SJ/ /(0, {q'h})) does not in general vanish and is the unique solution of the first 
(and second) equation in Eq. (I5"5l) . 

On the other hand, combination of this result with the two-pseudofermion phase shift expressions provided in Eqs. 
(|B35[) and (|B36[) of Appendix iBl reveals that the c scatterer two-pscudofcrmion phase shift, tt $ CjI);/ (<7, 0), and the si 
scatterer two-pseudofermion phase shift, 7r $ s i.s^' {q, 0), are such that, 



ir^foQ) = ** e J^, MM] = -arctanf^ = ^'^) 
\ u u J \ vu J 

Mi) MW) ) = arctai / Agi(g)-As^(QJ 

u ' u ) V (i/ — 1) u 



d> r a\ cb ^ A^(g) A s „,(0,{ g 'J) A / A° sl (q) - A SV ,(Q, {q' h })} \ 

7T$ s i SI/ /(g,0) = 7r$ s i jSly M , = arctan — — ; q f= ±k F 

\ u u I \ iv' — 1) u I 



= ±^j=; q = ±k F - (57) 



In addition to the c or si scatterer bare-momentum q, the two-pseudofermion phase shifts provided in Eq. (|57[) are 
functions of the set of M™ n + 2v = 2, 4, 6, ... bare-momentum values {qh} or M" n +2(i/— 1) = 2, 4, 6, ... bare-momentum 
values {q'h} 01 the M™ + 2v = 2, 4, 6, ... c pseudofermion-hole scattering centers or M"™ + 2(y' — 1) = 2, 4, 6, ... si 
pseudofcrmion-hole scattering centers, respectively. The latter are created under the ground-state - excited-energy- 
eigenstate transition. This confirms that as a result of the creation of the rjv (and sv' ^ si) pseudofermion, the 
c (and si) scatterers acquire the phase shift tt & c ,riv(q, 0) (and 7r <J> slsl /(g, 0)). Its value is fully controlled by the 
+ 2v = 2,4,6,... (and M s " n + 2(i/ - 1) = 2,4,6,...) bare-momentum values of the M% n + 2v = 2,4,6,... 
(and M™ 1 + 2(y' — 1) = 2,4,6, ...) c (and si) pseudofermion-hole scattering centers. Thus, through the {qh} (and 
{q'h}) momentum dependence of the two-pseudofermion phase shift ir <& c . V v(q,0) (and tt $ s i,sis' {q, 0)), the c (and si) 
scatterers feel the created r\v (and sv' ^ si) pseudofermion as M*" + 2v = 2, 4, 6, ... c effective scattering centers (and 
M"" + 2(z/ — 1) = 2, 4, 6, ... si effective scattering centers). 

Similar results are obtained for excited states of initial ground states with density n = 1 and/or m = and 
occupancy of a larger finite number of /3 pseudofermions belonging to several ft — av ^ si branches. In that general 
case, the number of equations defining the set of rapidities {A Q „} is in general larger than above and each of these 
equations is more involved than the two equations given in Eq. (|55[) . Moreover, the equations that follow from 
the Q%,(0)/2 = and Q* (0)/2 = symmetry requirements involve additional phase shifts w^ S i/',sv" ( r \ r ") and 
n&riu,riv' (r,r') defined by Eqs. (|B15I) and (IB37|) of Appendix IBl respectively. The corresponding ft = av ^ si 
pseudofermions are also invariant under both the electron - rotated-electron unitary transformation and fermion - 
pseudofcrmion unitary transformation. 

Finally, the expression for Q* (0)/2 (and Qf v ,(0)/2) given in Eq. (|55|) is also valid for the type of excited states 
of S v — initial ground states with spin density m 7^ (and of S s = initial ground states with electronic density 
n =/= 1) with the following occupancies: Pseudofermion occupancy in the c and si bands, none or a finite number M"" 
of unbound 77-spinons and Af™" of unbound spinons plus one r]v pseudofermion (and one sv' 7^ si pseudofermion). 
Indeed, within the n — > 1 limit for m/0 (and the m — > limit for n 7^ 1) the two-pseudofermion phase shifts that 

contribute to Q* y (0)/2 (and Qf v ,(0)/2) also simplify to Tr§ V v yS v> (r, r') = and 7r$^^ !C (r,r') = arctan! J (and 
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to 7r $ s;y ', c (r', r) = TT§ S u',riu (r',r) — and 7r$ s; ,'. s i (r',r) = arctan^p-^yj for sz/' 7^ si.) Similarly, the expressions 

for ir ^^(O, q') and 7r <I> Cj?;!y (g, 0) (and ir<& S i/',si(0,q') and 7r $ s i, si/ ' (<?, 0)) provided in Eqs. ([55]) and (|571) . respectively, 
are valid as well for the above type of excited states of S v = initial ground states with spin density m ^ (and 
excited states of S s — initial ground states with electronic density n 7^ 1). 

V. COMPLEMENTARY ROLES OF THE f] = sv,c PSEUDOFERMIONS AND UNBOUND SPINONS IN 

THE TRANSPORT OF SPIN 

In this section we continue the studies of the elementary objects of the ID Hubbard model. Although the unbound 
?7-spinons and unbound spinons are neither scatterers nor scattering centers, here they are found to play an important 
role in the model physics: They fully control the effects of the ry-spin and spin transverse fluctuations on the charge 
and spin currents carried by the excited states. 

The studies of this section also investigate the related problem of the complementary roles in the transport of spin 
played by the sv pseudofermions for all spin densities and by the c pseudofermions for finite values of the spin density, 
due to their scattering events with the sv pseudofermions, on the one hand, and by the unbound spinons on the other 
hand. Similar results apply to the complementary roles in the transport of charge played by the r\v pseudofermions 
and the c pseudofermions, on the one hand, and the unbound ?7-spinons on the other hand [501 ] . Although our study 
focuses mainly on the transport of spin, we consider as well the charge currents of some classes of energy eigenstates. 
The properties reported in this section for the c pseudofermions, sv pseudofermions, and their band holes, apply as 
well to the corresponding c fermions, sv fermions, and their band holes, respectively. 

A. The general problem 

It is shown in the first paper that the sv fermion occupancy configurations generate the spin-singlet representations 
of the spin SU(2) symmetry algebra. Within a PS, that applies as well to the corresponding sv pseudofermion 
occupancy configurations. On the other hand, the unbound-spinon occupancies generate the spin-multiplet non-LWS 
tower of states from the Bethe states. Thus the sv pseudofermion occupancy configurations and the unbound spinon 
occupancies refer to different degrees of freedom of the spin SU (2) symmetry algebra. Consistent, their contribution 
to the spin currents has also a different nature, as discussed in this section. The spin-1/2 unbound spinons exist in 
their own right, besides playing the role of unoccupied sites of the sv effective lattices of the v = 1, ...,00 branches. 
As given in Eq. (TATTj) of Appendix H] for a = s , the number of such sites reads iV* = [M«" + E~=„+i 2 <>' ~ v)N sv ,] 
where M"" = 25*8 denotes the number of unbound spinons. (For states with finite occupancy of sv' pseudofermions 
with v' > v spinon pairs, also 2(z/ — v) of the spin-effective lattice 2v' sites occupied by each such sv 1 pseudofermions 
is used by the sv pseudofermions as unoccupied sites of their sv effective lattice.) 

Upon moving around the spin effective lattice, the neutral 2^-spinon sv pseudofermions interchange position with 
the unbound spinons. As discussed above in Section Hi CI and in the first paper, the unbound spin-1/2 spinons play 
the passive role of unoccupied sites of both the spin effective lattice and the corresponding sv effective lattices. Thus 
the objects that move around in the spin effective lattice are the sv pseudofermions. In that motion they use all 
the M™ = 2S S unbound spinons and the 2(v' ~ v) bound spinons in the sets of 2(v' — v) sites of the spin effective 
lattice out of the 2v' sites occupied by each sv' pseudofermion with 2v' > 2v bound spinons. Furthermore, the 
holes in the corresponding BA sv momentum bands exist in their own right and must not be treated as being the 
M"" = 2S S unbound spinons and Y^=u+i ^■i v ' — V )N SV ' unbound spinons that play the role of unoccupied sites. 
The M" n = 2S S unbound spinons have their independent occupancies and the sv' pseudofermion with 2v' > 2v 
bound spinons their own independent sv' momentum bands. Consistent, the sv effective lattice object motion can 
alternatively be described in terms of sv pseudofermions and sv pseudofermion holes. 

Since the unbound spinons do not contribute to the states total momentum, the spin currents associated with the 
spin U(l) symmetry sub-algebra longitudinal S* s fluctuations are carried by the sv band occupancy configurations. 
On the other hand, the unbound-spinon occupancies fully control the transverse fluctuations that change the S^-spin 
currents of the spin SU{2) tower non-LWSs relative to those of the initial LWSs, which are the Bethe states. Indeed 
application onto the latter states of the spin SU(2) off-diagonal generators flips the spins of the unbound spinons 
yet leaves invariant the occupancy configurations of the remaining spinons, which are bound within the spin-neutral 
2^-spinon sv pseudofermions. 

The c pseudofermions and the spinons describe different degrees of freedom of the same original-lattice sites singly 
occupied by the rotated electrons. The bare c pseudofermions are spin-less objects that carry charge e. The bare 
two-spinon composite sv pseudofermions are charge-less objects that refer to spin-singlet occupancy configurations. 
Nonetheless, as a result of the scattering processes studied in this paper, for finite spin density the c pseudofermions 
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are found below to contribute to the spin currents. Moreover, for electronic densities n / 1 the si band occupancy 
configurations are found in the following to contribute to the charge currents. Such exotic effects confirm the important 
role played by the pseudofermion scattering theory in the transport of charge and spin. 

The use of the ID Hubbard model in a uniform vector potential, Eq. (|Al|) . which can also be solved by the BA, 
simplifies the calculation of the expectation values of the spin and charge current operators of the Bethe states. These 
operators read, 
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respectively. Moreover, their Bethe-state expectation values are given by, 
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respectively. Here Ei p stands for the general energy eigenvalue spectrum given in Eq. 



of Appendix [A] 



B. Simple excited states spin and charge currents and corresponding effective charges and spin projections 

In the following we consider the spin and charge currents carried by excited states of an initial ground state with 
densities in the ranges n G [0, 1] and m € [0, n]. The object numbers of the latter state read 

M s = M b s ° + M™ 1/2 = N = n N a ; M b s ° = 2N t ; 1/2 =N t -N i = mN a , 

M v = M™ = 1/2 = N a - N = (1 - n) N a , 

N c — N ; iV s i = jVL; Ngi = N-f — iVj, = m N a . (60) 

For that ground state the values of the following numbers vanish: M™ n _ 1 y 2 , M bo , M"™ 1/2 , and set of all au pseud- 
ofermion numbers {N av } except that of the si pseudofermions. In addition, the si band momenta are occupied for 
q G [— qFsii QFsi] = [— kFi,kpx\ and unoccupied for \q\ £ [qFsiiQsi] — [^FJ.! ^Ff]- The c band momenta are occupied 
for q G [—qpc, qFc] — [—2kp,2kF] and unoccupied for |g| G [qFc,qc] = [2fci?,7r] where 2kp — irn. Although here 
we have ignored corrections of 1/N a order, which vanish within the thermodynamic limit, we chose the number of 
electrons iV-j- and N± values so that the right and left (3 Fermi points are exactly symmetrical for both the (3 = c and 
/3 = si momentum bands. In that case both the spin and charge currents defined in Eq. (159(1 vanish for the initial 
ground state. 

In general, the derivation of the spin and charge currents of Eq. (|59"|) requires the numerical solution of Eqs. (IA2|) - 
([59")) of Appendix [X] [5l[ . We start by considering a class of simple excited states whose numbers are provided in 
Eq. (|60l) . Such states are generated from it by the elementary processes called processes (B) in Section TlV Al Their 
P = c, si band momentum distribution function deviations are of the form 8Np(q) — ^2 l —±i[SNp/2 + tSJp] 5 q ^ qFfl , 
as given in Eq. (|5ip . An example of such excited states are all ground states with electron numbers different from 
those of the initial ground state. The corresponding transitions are described by this type of /3 = c, si band momentum 
distribution deviations, which involve only momenta in the vicinity of the right (l = +1) and left (i = —1) /3 = c, si 
Fermi points. 

For such excited states, the solution of Eqs. (|A2[) -(l5T) f of Appendix [A] is a relatively simpler problem, which gives 
a spin current of the general form, 

J " 3 - \ E ^ 3 S2 4 ■ ( 61 ) 

0=c,sl 

Here the elementary spin currents jc* 3 and j^ 3 are given by, 



Vc &, c [£, c - 2£, sl ] + v sl e s i, c l£i,c - 2&,.i] , 

v sl Csl,sl [Csl,c — 2^ sl sl ] + V c £ c sl [£, c sl ~ 2^ C)C ] , 



(62) 
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where vp is for the /3 = c, si branches the pseudofermion velocity at the /3-band Fermi momentum qpp given in Eq. 
(IA23P of Appendix |XJ The parameter can be solely expressed in terms of two- pseudofermion phase shifts in units 
of 7r as follows, 



€p,B> = <W' + (0 $/S,/3' (<7F£, (-9F/3') , 8 = c,sl. 



i=±i 



(63) 



For the particular case of 8 = 8' and t = 1 in this expression, our notation assumes that the two j3 Fermi momenta in 
the argument of the two-pseudofermion phase shift, ^p,p (QF/3,qFfs), differ by 2ir/N a . This is consistent with the Pauli 
principle concerning the BA 8 band discrete momentum values occupancies, which can be zero (8 pseudofermion hole) 
or one (8 pseudofermion) [5j. Moreover, a 8 pseudofermion or 8 pseudofermion hole does not scatter into itself, so 
that <&p y (3 {iFfii QFp) vanishes if the two 8 Fermi momenta in the argument of <&/3,p (<7f/3> Qfp) are exactly the same. 
Creation of one 8 pseudofermion (and one 8 pseudofermion hole) at the i = ±1 8 Fermi point generates a cur- 



rent deviation 52Jp given by 82Jg 



(and <52J| 



-l) and thus a corresponding spin current t(l/2)j^ X3 (and 
and —jli 3 are the elementary spin currents in units of 1/2 



— t(l/2)j^ X3 ). Hence for the present excited states, j 
carried by the c pseudofermions and si pseudofermion holes, respectively. 

The form of the spin currents given in Eqs. (|61[) - (|63p confirms the major role played by the present scattering 
theory two-pseudofermion phase shifts in the transport of spin. For excited states of the type considered here whose 
initial ground state is a zero-spin-density state the values of the two-pseudofermion phase shifts appearing in the 
expressions provided in Eqs. (jfj2"j) and (j6"3")l are such that j c X3 = 0. Hence as expected for an initial ground state with 
zero spin density, m = 0, the c pseudofermions do not contribute to the spin current. However, as a result of their 
scattering with the si pseudofermion holes, for excited states of m ^ ground states the c pseudofermions carry with 
them a finite spin current j c X3 • For instance, in the m — > and m — > n spin-density limits and for electronic density 
in the range n £ [0, 1] the expressions of the elementary spin currents j c X3 and j sl X3 given in Eq. (|62[) read, 
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For the low-energy excited states considered here the solution of Eqs. (|A2[) - (l59l) of Appendix [S] provides as well a 
charge current of the general form, 



fi=c,sl 

where the elementary charge currents in units of e carried by the 8 = c, si pseudofermions are given by, 
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Those are again fully controlled by the two-pseudofermion phase shifts produced by the scattering-theory events. For 
electronic densities in the range n £ [0, 1] and the m — > and m — > n spin-density limits the expressions of the 
elementary charge currents, Eq. (I66p . simplify to, 
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The dependence on the electronic density n £ [0,1] and on-site repulsion in units of 4f, u = U/At, of the m = 
parameter £ appearing here is given by £ = £o( r c) where the function £o( r ) obeys the following integral equation, 
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and r° is defined in Eq. (|A15I) of Appendix [S] The parameter £o has limiting values £o = \/2 for u — > and Co = 1 

for u — > oo. 

For the present type of low-energy excited states, one may introduce an effective spin projection and an effective 
charge for the c pseudofermions and si pseudofermion holes with momenta at the corresponding Fermi points, 

S fl* 3=i ^ — 5 e /3=«/3(e)— , /9 = c,sl. (69) 

Here i c — 1 for the c pseudofermions and i s \ — — 1 for the si pseudofermion holes. The concepts of an effective spin 
projection and an effective charge only apply provided that the /3-band Fermi velocity vp, Eq. (|A23I) of Appendix [Al 
appearing in the expressions of Eq. (|69]l is finite. 

In the m — > and m — > n spin-density limits and for electronic density in the range n £ [0,1] the effective spin 
projections read, 

Sc" 3 = ; s^ 3 = i , Tn y , 
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That no expression for Sc X3 is given here for m — > n results from v s \ — > in that limit, so that the concept on a si 
pseudofermion-hole effective spin projection does not apply. 

Moreover, in the u — > limit the effective spin projections read for the whole densities ranges n £ [0, 1] and 
m £ [0, n], 

si* 3 =0; <r=^ «->0. (71) 

On the other hand, for electronic densities in the range n £ [0, 1] and the spin-density limits m — > and m — > n 
the effective charges are given by, 

e c = ~e^; e s i = - (e) — , m -> , 

w s i 2 
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Again, the concept on a si pseudofermion-hole effective charge does not apply asm->n since w sl — > in that limit. 

In the u — > and u — > oo limits the effective charge carried by the c pseudofermions is for densities in the ranges 
n £ [0, 1] and m £ [0, n] given by, 

e c = — 2e , ?! — > , 

e c = — e, u — > oo . (73) 
Moreover,, in the u — > limit the effective charge carried by the si pseudofermion holes reads for such density ranges, 

e sl =-(e), u^0, (74) 

whereas for electronic densities in the range n £ [0, 1] it has the following value for the m — > and u 1 limits, 

, . / sin 7m \ 

e sl =-(e)8nu — — , m->0, (75 

\27m — sm27m / 

Since v s i — > as u — ¥ oo the effective charge expression given here for e s \ does not apply in that limit. That it is very 

large for u 1 just results from the smallness of v s i = |^ Tl — bln 2 ^" 1 - ) . 

The above elementary spin and charge currents and corresponding effective spin projections and effective charges are 
valid within the class of low-energy excited states considered here. Such excited states have no 2^-77-spinon composite 
r\v pseudofermions and no unbound 77-spinons of ?7-spin projection —1/2. Hence their charge degrees of freedom are 
mainly described by the c pseudofermion occupancy configurations. The effective spin-projection values s c X3 = 
and —1/2 given in Eq. (1701) for electronic density in the range n £ [0, 1] and spin density m — > are those 
consistent with the low-energy charge - spin separation occurring in that spin-density limit. However, concerning 
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charge transport, such a charge - spin separation is a concept that should be carefully revisited. Indeed, as given in 
Eq. (|67p . one has that jg — v c £o and i P sl — v c Q/2 where £q — > 2 for u — > and £q — > 1 for u — > oo. Note however 
that although the si pseudofermion holes carry with them an effective charge current, = —v c ^/2, the vanishing 
spin-density charge - spin separation is in part perserved. The reason is that both the c pseudofermion elementary 
charge current jf! = v c £q and si pseudofermion hole elementary charge current — j p sl — —v c ^/2 propagate with 
the c pseudofermion velocities ±v c . Hence in the m — > limit the charge currents do not propagate with the si 
pseudofermion velocities ±v a i. That all elementary charge currents propagate with the c pseudofermion velocities 
±v c masks the role played by the si pseudofermion holes in the transport of charge. Only a careful and suitable 
analysis of the problem in terms of the elementary effective transport charges as that performed here does reveal that 
in the m — > limit there are indeed finite charge currents carried by the si pseudofermion holes. 

That, as given in Eq. (|73l) . for the densities ranges n £ [0, 1] and m € [0,n] the effective charge carried by the c 
pseudofermions equals as u — > oo the electronic charge is consistent within that limit the rotated electrons becoming 
electrons. The bare c pseudofermions describe the charge degrees of freedom of the rotated electrons that singly 
occupied sites. That electron single and double occupancy become good quantum numbers as u — > oo imposes that 
the effective charge carried by a c pseudofermion must equal the electronic charge e in that limit. On the other 
hand, for finite u values single and double occupancy are good quantum numbers only for the rotated electrons. 
Upon decreasing the u value a rotated-electron singly occupied site has increasing contributions from electron doubly- 
occupied sites. This is why upon decreasing the u value the effective charge carried by a c pseudofermion increases 
for all densities in the ranges n e [0, 1] and m € [0,n] from e for u — > oo to 2e as u — > 0. However, that e c — >■ 2e as 
u — > refers only to c pseudofermions near the c Fermi points and thus to low-energy rotated-electron contributions. 

The low-energy one-electron excitations are an example of the type of excited states considered here. For the 
electronic density range n € [0, 1] and the m — > n spin-density limit one finds that the non-interacting one-electron 
spectrum of the fully polarized state is recovered by the energy dispersion of the c pseudofermions. As given in the 
first paper, in that limit it reads s c {q) — — 2t{cosq — cos2fcp]. That is consistent with such objects carrying an effective 
spin projection 1/2 in that limit, as given in Eq. fl70|) . In it the spin-up rotated-electron single occupancy becomes 
a good quantum number so that the on-site repulsion does not play any role and a full charge - spin recombination 
is achieved. Upon increasing the spin density from m = to m — n, the c pseudofermion effective spin projection 
smoothly changes from s c X3 = to s c X3 = 1/2. 

All the above reported exotic behaviors concerning the effective charges and effective spin projections carried with 
the objects of the present operator formulation are fully controlled by the events of the pseudofermion scattering 
theory. Indeed, in addition to such objects group velocities, the expressions of the corresponding elementary charge 
and spin currents involve only two-pseudofermion phase shifts. 

C. More general states and the effects of the spin transverse fluctuations onto the spin currents 

Next we consider a spin-singlet ground state with electronic density in the range n G [0, 1] and vanishing spin 
density, m = 0. Such a state has no unbound spinons and no si fermion holes, M" n = and = 0, respectively. 
Its object numbers are, 

M s = M b s ° = N = nN a ; M b s ° — N ; M™ ±1/2 = , 
M v = M% n = 1/2 = N a — N = (1 — n) N a , 

N c = N ; N sl = N/2 ; N> s \ = . (76) 

For simplicity, we consider that here N/2 is an odd integer number, so that N c = N and N s i = N/2 are even and 
odd integer numbers respectively. For such an initial ground state both the spin and charge currents defined in Eq. 
(|59p vanish. It is a particular case of the ground state whose numbers are provided in Eq. (|60[) . for which all si band 
momenta q G [— qFsU +QFsi] = [— kp,+kF\ are occupied. (Here kp — Trn/2.) On the other hand, the c band has 
the same occupancies as that ground state. The fi = 0, n = 1, and m = absolute ground state is a particular case 
of the m = ground state for which the number values of Eq. (|76|) apply with n = 1 and thus N — N a . For the 
S v = 0; S s = 0; 2S C = N a absolute ground state the c band is full and there are no unbound 77-spinons. 

As discussed in the first paper, the present m = ground state has a branch of spin-triplet excited states and 
another of N v s \ — 2 spin-singlet excited states whose energy spectra are degenerate. The number deviations of such 
spin-triplet excited states are given by, 

5N C = -5M™ 1/2 = ; SN tl = -l; SN^=2; 6M™ = +2 . (77) 

On the other hand, those of the spin-singlet excited states read, 

6N c =-6M™ 1/2 = 0; «5A sl = -2; SN^=2; SN s2 = +l. (78) 
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Both such two types of excited states have two si pseudofcrmion holes. In contrast to the spin-triplet state, the 
spin-singlet state has a single four-spinon composite s2 pseudofcrmion. 

The energy spectrum of the spin-triplet excited states of Eq. ([77]) and spin-singlet excited states of Eq. ([75)1 is 
plotted in the first paper for U/t = 4.9 and two electronic densities, n — 0.59 and n — 1.00. In contrast to the class of 
low-energy excited states considered above in Section [VB[ whose si pseudofermion holes are under the ground-state 
excited-state transition created or annihilated at the si Fermi points, here the two emerging si pseudofcrmion holes 
may have any si band momentum values. The derivation of the spin and charge currents of Eq. (|59|) is now a more 
involved technical problem that requires the numerical solution of Eqs. (IA2p -(l5§ f of Appendix |A"1 

The spin currents of the spin-triplet excited states of Eq. (|TT[) and spin-singlet excited states of Eq. ([78| were 
studied in Ref. [51| for the case of an initial n = 1 and m = ground state. The spin-triplet excited states carry a 
finite spin current, whose spectrum is plotted in that reference. Alike in the case of the simpler low-energy excited 
states involving only /? = c, si Fermi-point deviations considered in Section IV Bl such a finite spin current can be 
written as a sum of elementary spin currents carried by the two si pseudofermion holes. Also similarly to such 
low-energy excited states, the two si pseudofermion holes are found in Ref. [5l[ to carry with them an effective spin 
projection 1/2. On the other hand, in spite of having the same energy spectrum as the spin-triplet excited states, 
the studies of that reference revealed that the spin-singlet excited states carry no spin current. In contrast to the 
spin-triplet states, the former states have one spin-neutral four-spinon s2 pseudofermion, which couples to the vector 
potential. Such a coupling is described by the term —A([4>f — <p^]/2N a ) added to the discrete momentum qj on the 
right-hand side of Eq. (|A3I) of Appendix [S] for the av = s2 branch. Its role is to exactly cancel the spin currents 
carried by the two si pseudofermion holes, so that the spin-singlet state carries no spin current. Similarly and as 
confirmed in the following, in the case of the non-LWSs of a spin SU (2) tower of states the unbound spinons couple 
to the vector potential, so that the spin current carried by the corresponding spin LWS Bethe state is changed. 

The thermodynamic BA equations, Eqs. (|A2j) - (|A3[) of Appendix lAl refer only to Bethe states. For 0| = </>j, = 
these equations can be extended to non-LWSs of form given in Eq. (|A6|) of that appendix. This is fulfilled by 
formally setting some of the rapidities A vl , and A s „ in such equations equal to infinity [3|. For the present LWS BA 
representation, the resulting equations describe LWSs and non-LWSs with S* 3 < for a = rj, s. (A corresponding 
HWS BA representation refers to HWSs and non-HWSs with S* 3 > for a = r], s.) The spin (a — s) or charge 
(a = s) current expectation value of a S* 3 < state with unbound-spinon or unbound-77-spinon numbers, respectively, 
M™ = 2S a and M™ 1 _ 1 ^ 2 = n a < S a is exactly minus that of the corresponding S* 3 > state belonging to the same 
SU(2) tower and having numbers M™ — 2S a and Af^"^ , 2 = 2S a — n a > S a . Hence without loss in generality one 
can consider only the thermodynamic BA equations for the LWSs and non-LWSs with S* 3 < for a = 77, s. 

For such states it is useful to write the unbound-spinon (a = s) or unbound-77-spinon (a = s) number as M£ n = 
2(S a + S* 3 ) - 2S* 3 . Here the number (S a + S* 3 ) obeys the inequality < (S a + S* 3 ) < S a . It is the number of pairs 
of +1/2 and —1/2 unbound spinons (a = s) or +1/2 and —1/2 unbound 77-spinons (a — s). On the other hand, the 
number —2S^ 3 obeys the inequality < —2S^ 3 < 2S a . It is the number of unpaired +1/2 unbound spinons (a = s) 
or +1/2 unbound 77-spinons (a — s) left over. 

In the general thermodynamic BA equations for both the LWSs and non-LWSs with S* 3 < 0, there emerge vector- 
potential coupling contributions of the form 2(S a + S* 3 ){[4>t — e 47ri5Q " 4>\\/2N a ) for a = 77, s. They refer to rapidity 
values K av — 00 where v = (S a + S^ 3 ) is now the number of +1/2 and —1/2 unbound-spinons pairs (a = s) 
or +1/2 and —1/2 unbound- 77-spinons pairs (a = s). Such a vector-potential coupling has a form similar to that 
appearing in Eq. (| A3|) Appendix [Al 2v{[4>^ — e l7rSa ' r > (f>±]/2N a ). The latter refers to the composite av pseudofermions 
and corresponding v spin-neutral (a = s) and 77-spin-neutral (a = 77) spinon and 77-spinon pairs, respectively. The 
Bethe states are LWSs, so that for them (S a + S% 3 ) = and -2S* 3 = 2S a = M™ 1 for a = 77, s. That they refer to 
(S a + •S'a 3 ) = LWSs justifies why the thermodynamic BA equations, Eqs. (|A2[) - (|A4[) of Appendix [2] do not include 
explicit vector-potential coupling terms associated with the unbound spinons (a = s) and unbound 77-spinon (a = 77). 

The solution of the extended thermodynamic BA equations for both the LWSs and non-LWSs is technically a quite 
involved problem. Fortunately, there is an alternative exact way to handle that issue. Indeed, the effects on the 
Bethe-states spin currents of the transverse spin fluctuations generated by the unbound-spinon spin-flip processes 
can be exactly accounted for by use of a suitable symmetry operator algebra. The related problem of the effects on 
the Bethe-states charge currents of the transverse 77-spin fluctuations generated by the unbound-77-spinon 77-spin-flip 
processes was addressed in Ref. [50| . Here we apply the same method to the spin currents. 

The expectation values of the spin current operator of the non-LWSs of a multiplet-spin SU (2) tower of states can 
be written as, 

J a * 3 = ^ (* ;o .^,J(^) M "- 1/2 ^K^ + ) M "- 1/2 l^ ,^,J • (79) 

where the normalization constant C s is that given in Eq. (IA7|) of Appendix [X] for a = s. One can then systematically 
use the commutators of the off-diagonal generators of the spin SU (2) symmetry algebra, Sf and S~ , given in the first 



36 



Q 

<J S 


-™s, — 1/2 — U 


ilJ s, — 1/2 — 1 


ilJ s, — 1/2 — z 


al s,-l/2 — J 


lvl s, — l/2 — * 


Jw s, — 1/2 — J 


lvl s, — l/2 — u 


M , , n — 7 
nl s, — l/2 — 1 


1/2 


1 


-1 














1 


1 





-1 












3/2 


1 


1/3 


-1/3 


-1 










2 


1 


1/2 





-1/2 


-1 








5/2 


1 


3/5 


1/5 


-1/5 


-3/5 


-1 






3 


1 


2/3 


1/3 





-1/3 
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1/7 


-1/7 


-9/6 


-5/7 
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TABLE I: The spin current ratio J a ^ /J^ 3 = C(M S U ™, M£™ 1/2 ) as obtained from the use of Eqs. d84j) - d83j) for the spin-tower 
states of spin up to S s = 7/2. 



paper and spin-current operator J CT ^3 defined in Eq. (|58|) to express the spin current J 0sc 3 of Eq. (I79p in terms of the 
spin current J X3 , Eq. ([59| . of the corresponding spin-tower LWS. Specifically, this involves the use of the following 
commutators, 



J CT *3,S± = S 



J ± =J ± : 



J^ySf — ±2J° 



(80) 



In addition to the three generators of the spin SU(2) symmetry algebra S^ 3 , S+, and S s given in the first paper and 
the spin current operator J"^ , Eq. f|58[) . the commutators of Eq. (|80|) involve the tranverse-spin current operators, 



r- = l^l - 



(81) 



After a suitable operator algebra involving commutator manipulations, the spin current J CTa; 3 of Eq. (|79p carried by 
a spin-5 s non-LWS with M"" = 2S* S unbound spinons and Af"^ , 2 < 2S S unbound spinons of spin projection —1/2 is 

expressed in terms of the spin current J^ 3 of the corresponding spin-S's LWS Bethe state with 
unbound spinons and no unbound spinons of spin projection —1/2 as follows, 



1V1 s,+l/2 - 



J" 



The coefficient C(l, I) obeys the exact relation, 



C{M : 



un i\/run \ j u ~ 
m s-\jl) J 



C(l, I) = -C(l, 2S S - I) , I < S s 



(82) 



(83) 



Here we have denoted M" n and M""j/ 2 by I and I, respectively. The spin current J X3 of the LWS Bethe state 
appearing on the right-hand side of Eq. (|82|) is obtained by solution of Eqs. (|A2[) - (|59p °f Appendix [A"l The coefficient 
C(M™ n , M™ n _ l j 2 ) is derived for any value of M"™^ < 2S S by the above-mentioned commutator manipulations. The 



general expression of that coefficient for M""jy 2 = 1,2,3 and any spin value S s such that M. 



■^"-1/2 > 3 it becomes too cumbersome) is, 
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(for 



C(U) = 



n LiW - 2J ]-V- WK 1 + !) - (' - W" 1 - (! - *r,iX" - 2 ')0 - 2)(2[(/ + !)-(/- 2)]) 



i-2 



1,2,3, l>l: 



I = M s "™ , 



I = Ml 



-1/2- 



(84) 



The use of Eqs. (|52 |) -(|83 |) provides the spin currents J a ^ of all states with spin S s < 7/2 and thus A/"™ < 7 

< 7 unbound spinons of spin projection —1/2. The corresponding spin-current ratios 



-1/2 



unbound spinons and 

J°^3 /Jq X3 = C(M"", M"™ x y 2 ) are given in Table|U For instance, the number of si pseudofermion holes 2Vjj of excited 
states with no sv pseudofermions with v > 1 spinon pairs of the m = ground state whose numbers are given in Eq. 
(f76|) is given by = M" n . The spin of such excited states thus is S s = M"™/2 = N^/2. The spin current ratios 
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J°' x 3 / Jq X3 = C(M"™, Mg"_ 1 ^ 2 ) provided in Table U apply to such excited states with up to = 7 si pseudofermion 
holes. 

The excited Bethe states whose < 7 si pseudofermion holes emerge under the transition from the m = 
ground state in the vicinity of the si Fermi points carry with them a spin current J 213 of general form given in Eqs. 
(1611) and (|62|) . The maximum absolute value of the deviation 52 JF appearing in Eq. (|62l) occurs when all < 7 si 

pseudofermion holes emerge at the vicinity of one of the two l — ±1 si Fermi points, so that 52 = — t N£±. The spin 
currents carried by the corresponding 2S S — M" n < 7 non-LWSs generated by spin-flipping the M" n < 7 unbound 
spinons of spin projection 1 /2 of the Bethe state are then given by J CTx 3 = C(M" n , M"™ 1 , 2 ) J 3=3 . Here the spin current 

Jq X3 has the form provided in Eqs. §T§ and and the magnitudes of the coefficient C(M^ n ,M^ 1/2 ) = /J°* 3 
are given in Table HI 

As reported in Section IIII Al the phase shifts of Refs. [U HH correspond to a particular case of the general 
elementary two-pseudofermion phase shifts studied in this paper. The related studies of Ref. |H2| used a completely 
different yet equivalent method to derive the spin currents of Eqs. (l6Tj) and (|62|) and charge currents of Eqs. (|65|) and 
(|66| of the low-energy excited states considered above. Rather than the Hubbard model in a vector potential, such 
investigations used charge and spin conservation laws to access the corresponding charge and spin current expectation 
values, respectively. Our present results correct those of that reference concerning the elementary charge current 
carried by the si pseudofermions provided in Eq. (|66[) . Since the si pseudofermions (called s pseudoparticles in Ref. 
52]) do not couple directly to charge, the studies of that reference assumed that = 0. However, our alternative 
method involving the direct use of the ID Hubbard model in a uniform vector potential reveals that for the low-energy 
excited states under consideration the elementary charge current carried by the si pseudofermions is in general 
finite, as given in Eq. (|66|) . 

Also within our description of the problem in terms of the ID Hubbard model in a uniform vector potential, the si 
pseudofermions and si pseudofermion holes do not couple directly to charge. Their coupling to the vector potential 
corresponds to the term — 2([<fit — 4>±]/2N a ) on the right-hand side of Eq. (| A3|) Appendix |A1 for the av = si branch, 
which adds to the discrete momentum value qj. Such a term vanishes for the choice (f> = <j)^ = 4>i corresponding to 
the charge current operator, as given in Eq. (|59p . Thus the si pseudofermions and si pseudofermion holes do not 
couple directly to charge. Within our analysis involving a uniform vector potential, that the si pseudofermions and 
si pseudofermion holes feel the charge vector potential through their scattering with the c pseudofermions becomes 
more clear. This effect leads to the si pseudofermion elementary charge current provided in Eq. (|66) . 

In summary, while the states spin currents are carried by the sv pseudofermion occupancy configurations (and by 
the c pseudofermion occupancy configurations, provided that m ^ 0), the effects on such currents of the spin transverse 
fluctuations associated with spin-flipping the unbound spinons are fully controlled by such spin-1/2 objects, which 
exist on their own right. This is consistent with the results of the first paper according to which the sv pseudofermions 
are spin-neutral 2^-spinon composite objects whose occupancy configurations generate the spin-singlet representations 
of the spin SU(2) symmetry algebra, whereas the spin-multiplet towers of states are generated by the independent 
unbound-spinon occupancies. 

VI. RELATION TO THE TRADITIONAL SPINONS AND HOLONS AND TO THE FINITE-ENERGY 

SPECTRAL PROPERTIES 

A review of the vast literature about the ID Hubbard model is not among the goals of this paper. Many studies 
associate its ground-state excitations with spinons and holons @, l40l - [44j . As mentioned in Section U concerning the 
holon definition there are in the literature of the model two main different descriptions. For both of them the holons 
and antiholons refer to two well-defined object branches. (This is in spite of the objects of such branches having 
a completely different definition for each of the two descriptions.) In this section we often use the word holon to 
generally designate both the holons and antiholons of the descriptions of Refs. [4(| and [U, |42| . It will become clear 
from the context whether the designation holon refers to holons and antiholons as a whole or rather to the holons, as 
counterpart to the antiholons. Results complementary to those of this section are presented in Appendices [Cl and ITU 

It is confirmed here and in Appendix iDl that the distinct choices of elementary objects of the ID Hubbard model 
refer actually to different choices of scattering states allowed by the degeneracy of the excited energy eigenstates that 
span the subspaces where the alternative descriptions apply. For instance, for finite u values the holons, antiholons, 
and spinons as defined in Ref. [40| are found to correspond to a scattering state choice valid in the subspaces spanned 
by the excited states of a S s = ground state with arbitraryelectronic density n. Furthermore, for finite values 
of u the holons, antiholons, and spinons as defined in Refs. |4j]-|43| are found to refer to a scattering state choice 
that holds in the subspace spanned by the excited states of the S n — 0; S s — 0; 2S' C = N a absolute ground state. As 
discussed in Appendix [D] only in the u — > oo limit the full degeneracy of both 77-spin and spin configurations renders 
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the holons, antiholons, and spinons as denned in Ref. [4(j and Refs. [4l| - |43T ] well defined in the subspaces spanned 
by excited states of ground states with both arbitrary electronic density n and spin density m. On the other hand, 
the pseudofermion scattering theory is valid for the latter subspaces for all u > values. Moreover, the dressed S 
matrix and phase shifts of the pseudofermion scattering theory are related here and in Appendix [C] to those of the 
two traditional spinon and holon descriptions. Concerning the physical role of such dressed matrices and phase shifts, 
that of the pseudofermion scattering theory is confirmed below to control the one- and two-electron spectral-weight 
distributions. Its relation to the PDT of Refs. 0, S] is clarified. 

A. Relation to the traditional spinon and holon representations 

Within both the description of Andrei and Lowenstein for the ID Gross-Neveu model [38| and that of Faddeev 
and Takhtajan for the ID spin- 1/2 isotropic Heisenberg antiferromagnetic model 39], the spin- 1/2 color spinors and 
spin-1/2 spin waves, respectively, are constructed inherently to be excitations of such models S s = absolute ground 
state. Similarly, the traditional spinons and holons of Refs. [f| H3-[43j are also constructed inherently to be excitations 
of a S s = ground state of the ID Hubbard model. For both traditional descriptions, spinons are spin-1/2 excitations 
with no charge. In addition they have been constructed inherently to carry the momentum values of the "holes" that 
emerge under a transition from a S s — ground state to an excited state in a sequence of BA spin quantum numbers, 
which within the present notation refers to the si momentum band. 

For one of such ground-state normal-ordered descriptions, of which that of Ref. [!(| is a representative, holons and 
antiholons correspond within the present formulation to the c pseudofermion holes and c pseudofermions, respectively, 
created under the transitions from the ground state to the excited states. On the other hand, the present formulation 
accounts for all c pseudofermion holes and c pseudofermions. This includes both those that pre-exist in the ground 
state and are created under the transitions from it to the excited states, resp ectively. Alike the c pseudofermion 
holes and c pseudofermions, the traditional holons and antiholons of Ref. [40| have no internal degrees of freedom 
associated with the 77-spin SU(2) symmetry algebra. They populate excited states of ground states with arbitrary 
values of the electronic density n and zero spin density, m = 0. The spin-1/2 spinons, holons, and antiholons of Ref. 
[ioj are excitations of such a ground state. 

On the other hand, for the alternative also ground-state normal-ordered traditional description, of which that of 
Refs. (4II - I43I I is a representative, holons and antiholons are ?7-spm-l/2 objects with +1/2 and —1/2 77-spin projection, 
respectively, created under the transitions from the S v = 0; S s — 0; 25c = N a absolute ground state to its excited 
states. Such holons and antiholons have been constructed inherently to carry the rapidity momentum values of the 
"holes" that emerge in the kjS BA distribution of Ref. Q under such transitions. These rapidity momentum values k'^s 
refer to the momentum values qj of the holes that within the notation used in this paper emerge in the c momentum 
band. For rotated electrons as defined in the first paper, the holons and antiholons of Refs. [41-43] contain both 
the 77-spin SU(2) symmetry and c hidden £7(1) symmetry degrees of freedom of the rotated-electron unoccupied and 
doubly-occupied sites created under the above-mentioned transitions. The spin-1/2 spinons and 77-spin-l/2 holons are 
excitations of the S v = 0; S s = 0; 2S C = N a absolute ground state. 

Within the operator formulation introduced in the first paper, all model energy eigenstates involve occupancy 
configurations of M s = 2S C 1/2-spin spinons and M v — [N a — 2S C ] Ty-spin-1/2 77-spinons. The number values of such 
objects may be rewritten as M s — [2S S + 2J2^Li vN sv \ and M n — [2S V + 2J2^Li v N^], respectively. Furthermore, 
such states involve a c momentum band with N c = 2S C = M s c fermions and — [N a — 2S C ] = M v c fermion 
holes. The corresponding spinon and 77-spinon occupancy configurations generate representations of the spin SU(2) 
symmetry and 77-spin SU (2) symmetry algebras, respectively. 

The spinons refer to a normal-ordered description relative to the S v — N a /2; S s — 0; 2S C — electron and rotated- 
electron vacuum. The number of spinons vanishes for that vacuum whereas for it the number of ry-spinons reaches 
its maximum value, M v — N a . Indeed, there is a duality between spinons and jy-spinons, the latter referring to 
a normal-ordered description relative to the S v = 0; S s = 0; 25^ = N a absolute ground state. That state has no 
77-spinons and for it the number of spinons reaches its maximum value, M s — N a . However, since the present operator 
formulation accounts for the elementary- object occupancy configurations that generate all A Na energy eigenstates from 
the S v = N a /2; S s = 0; 2S C = electron and rotated-electron vacuum, globally it is normal-ordered relative to that 
vacuum. That is in spite of the S v = 0; S s = 0; 2S C = N a absolute ground state not being populated by 77-spinons. 

For present elementary-object formulation, the N c = 2S C c fermions and the M s = 2S C spinons describe the c hidden 
U(\) symmetry and spin SU{2) symmetry degrees of freedom, respectively, of the same 2S C sites singly occupied by 
rotated electrons for all energy eigenstates. Similarly, the = [N a — 2S C ] c fermion holes and the M n = [N a — 2S C ] 
spinons describe the c hidden U(l) symmetry and 77-spin SU(2) symmetry degrees of freedom, respectively, of the 
same [N a — 2S C ] sites unoccupied and doubly occupied by rotated electrons. This is why the number of c fermions 
equals that of spinons and the number of c fermion holes that of 77-spinons, respectively. Thus the number of c 
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fermions vanishes for the S v = N a /2; S s — 0; 2S C — electron and rotated-electron vacuum whereas for it the number 
of c fermion holes reaches its maximum value, — N a . Furthermore, the number of c fermion holes vanishes for the 
Sr) = 0; S s = 0; 2S C = N a absolute ground state whereas for it the number of c fermions reaches its maximum value, 
N c = N a . 

Thus, in contrast to the traditional descriptions of Refs. [40l - [43( | . whose holons and spinons are ground-state 
excitations, the present formulation accounts for the occupancy configurations of its elementary objects that generate 
the ground states from the S v = N a /2;S S — 0;2S C — electron and rotated-electron vacuum. In general in this 
paper we consider ground states with densities in the ranges n € [0, 1] and m £ [0, n] since those are spin and 77-spin 
LWSs and thus Bethe states. Within the present operator formulation, those have M s = [2N s i + 2S S ] — N spinons, 
M„ = 2S V = [N a — N] 77-spinons, N c — N c fermions, and Nf? = [N a — N] c fermion holes. For such states the 
number of rotated-electron doubly occupied sites vanishes, so that the number of electrons N equals that of rotated 
electrons that singly occupy sites. Since such ground states are spin and 77-spin LWSs, their M" n = 2S S unbound 
spinons have have spin projection +1/2 and their M"" = 25^ unbound ry-spinons have have 77-spin projection +1/2. 
Within the present formulation, spin-flipping and 77-spin-fliping, respectively, such unbound objects generates energy 
eigenstates outside the BA subspace. The ground-state M s = N spinons refer to the N spin-1/2 spins of the rotated 
electrons that singly occupy sites. The ground-state N c — Nc fermions describe the charge degrees of freedom of such 
rotated electrons. The ground-state M v = [N a — N] 77-spinons describe the ?7-spin degrees of freedom of the [N a — N] 
sites unoccupied by rotated electrons. The ground-state N' c l — [N a — N] c fermion holes describe the c hidden U(l) 
symmetry degrees of freedom of the latter [N a — N] sites ground-state occupancies. 

For the description of Ref. [io| . which is normal ordered relative to an initial S s = ground state of arbitrary 
electronic density n, we denote the holon, antiholon, and spinon number values by Nj}, N^, and N s , respectively. 
Since such holons and antiholons are unrelated to 77-spin and rather refer to "holes" and "particles" emerging in the 
BA c momentum band, we use the upper indices h and p, respectively, to label their numbers. For the description 
of Ref. [IH, which is normal ordered relative to the S v = 0; S s = 0',2S C — N a absolute ground state, the holon and 
spinon number values are denoted by Lh and L s , respectively. For general excited states of the corresponding initial 
ground state such numbers may be expressed in terms of the numbers of rotated electrons as defined in the first 
paper. For the initial ground states of both the descriptions of Refs. [4(| and [U [42|, the spin degrees of freedom 
of the N rotated electrons that singly occupy sites are described by N s \ — N/2 BA spin strings of length v = 1. 
(For the initial absolute ground state of Refs. |4l|,|4^, one has that N — N a .) Within the present formulation, that 
refers to A^ s i = A^/2 two-spinon composite si fermions, which contain all 2A^ s i = N spinons. For the excited states, 
the number 2A^ s i of spinons that are part of two-spinon composite si fermions is such that 2N S \ < N. Both for the 
ground states and excited states, the 2jV s i < N spinons of the present formulation are the spins of rotated electrons 
created by the generator of such states onto the S n — N a /2; S s — 0; 2S C — electron and rotated-electron vacuum. 

On the other hand, the 2N S % < N spinons of the present formulation that remain after the transition from aS s = 
ground state to its excited states are not accounted for by both ground-state normal-ordered traditional holon and 
spinon descriptions. Consistent, the number value of traditional spinons equals that of rotated-electron singly occupied 
sites minus 2 V™ j N sl/ , which gives N s = [2S C — 2J2^L\ N su ] and L s = [2S C — 2J2^L\ N su ] for the descriptions of 
Refs. and |4ll. l42j. respectively. Although the numbers N s and L s have the same expression, that of the latter 
applies only to the PS of the S v = 0; S s = 0; 2S C = N a absolute ground state. 

The numbers N% of holons and Nl of antiholons of Ref. [40( are in terms of the c band momentum distribution 
function deviations given by, 
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Indeed, as mentioned above the holons and antiholons of that reference correspond to the c pseudofermion holes of bare 
momentum q G [— 2kp, 2kp] and c pseudofermions of bare momentum q 6 [— tt, — 2kp] and q € [2fcj?,7r], respectively, 
created under a transition from the ground state to the excited state. The number of spinons of Ref. [4(| may be 
rewritten as N s = = [M s — 2 Y^Li N S v\ = [2>S's+X]^=2 2(^— 1) N sv \. The corresponding numbers of spin-down and 
spin-up spinons are then given by N s _ 1/2 = [M s u ™ 1/2 +Y,7=2^^ l ) N sv\ and N s,+i/2 = i M s!+i/2 + ^T=2^~ 1 ) N ™]> 
respectively. 

Moreover, for the description of Refs. [U |4^| the number of holons value equals that of the number of rotated- 
electron doubly occupied plus unoccupied sites, Lh = [N a — 2S C ]. (Both such numbers values vanish for the S v — 
0; S s = 0; 2S C — N a absolute ground state.) The numbers of traditional holons and spinons of that reference may 
be rewritten as, L h = = M„ = [2S V + E^i 2v N vA and L s = N> s \ = [M s - 2^,1 N BV ] = [2S S + ^^° =2 2{v - 
1) N su ], respectively. The corresponding numbers of antiholons and holons as defined in that reference are £^,-1/2 = 
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[M™_ 1/2 +Y^Li vN^} and L/,,+i/2 = [M™ + 1/2 +Y^=x vN vA^ respectively. Here -1/2 and +1/2 refer to their 77-spin 
projections. Furthermore, the down-spin and up-spin spinon numbers are L s _i/ 2 = [-^""1/2 + 'Y^=2^ v ~~ -0 N a J\ and 
L s .+i/2 = [ M s u +i/2 + YjVL?.{ v " !) ^i/], respectively. 

Let us consider as an example both the spin-triplet S s = 1 excited states and simplest S s — spin-singlet excited 
states with one BA spin-string of length v = 2 of any S* = ground state, which are populated by two traditional 
spinons. Specifically, within the descriptions of Refs. [4(H42l ] such spin-singlet and three spin-triplet excited states 
involve two traditional spinons of spin 1/2 in a spin-singlet configuration and in the three spin-triplet configura- 
tions, respectively. In contrast, within the present object formulation both such spin-triplet and spin-singlet energy 
eigenstates are A-spinon states. Each spin-triplet S s — 1 excited state has two unbound spinons, A/"™ = 2S S = 2, 
whose occupancies generate the corresponding three spin-triplet states. In addition, each such a state contains 
M h ° = 2iV s i = [N — 2] bound spinons within N s \ — [N/2 — 1] two-spinon spin-neutral configurations. Furthermore, 
the spin-singlet S s — excited states have no unbound spinons. They are populated by M bo = [2N sl + 4:N s2 ] = N 
bound spinons within N a \ = [N/2 — 2] two-spinon and N s2 = 1 four-spinon spin-neutral configurations. That each 
of the above energy eigenstates has different number values of spinons of either traditional description and of the 
present-formulation spinons confirms that the former and latter spinons are completely different objects. 

In the first paper it was found that out of the M a = 2S C spinons, M" n = 2S S are unbound spinons, which is 
consistent with the expressions of their numbers provided in Eq. ([3]) determining the state spin value S s . The 
remaining M h s ° = [2S C — 2S S ] — El^Li 2vN av bound spinons participate in spin-neutral configurations within 2v- 
spinon sv fermions. The results of that paper have shown that both the configurations of the N s ± si fermions 
and corresponding N' s \ = [2S S + ^^L 2 2(v ~~ 1) N av ] si fermion holes have a spin- singlet character. On the other 
hand, the N s (and L s ) traditional spinons as defined in Ref. [4(| (and Refs. [4l|, |42| ) both have spin 1/2 and 
carry the BA si band momentum values qj carried within the present formulation by the si fermion holes. Thus 
straightforward arguments that follow from the spin SU (2) symmetry algebra imply that since a state of spin S s has 
N s = [2S a +^2 < ^L 2 2(^— 1) N sll ] (and L s = [2S S + J2T=2 2(^— 1) N al/ ]) traditional spinons, 2S S of those must be in spin- 
multiplct configurations and the remaining ^^2 ^(^ — 1) m spin-neutral configurations. This is fully consistent 
with the above number expressions N s _i/ 2 = [^"™ 1/2 + 2^^2 1)N SV ] and A s +1 / 2 = [M"™ j, 2 + J2^L 2 { 1 '~ 1) N su ] 
(and L s ,_ 1/2 = [M«« 1/2 + J2Z 2 (^ ~ 1) N av ] and L s>+1/2 = [M™ 1/2 + E^2^ " l ) N ^-) 

That the N s (and L s ) traditional spinons have been constructed inherently to being excitations of a S s — ground 
state (and the S n = 0; S s = 0; 2S C = N a absolute ground state) justifies that N s < M s = [N s + 2 J2T=i N S v] (and 
L s < M s = [L s + 2 Y^,u=i N S v]-) Note however that the number of traditional spinons participating in spin-multiplet 
configurations equals that of unbound spinons of the present formulation, M"" = 25*5. Thus the difference in the 
number of spinons refers to those participating in spin-neutral configurations. Specifically, the number values of 
such spinons are M b s ° = [2S C - 2S S ] = £~ 1 2vN sv and [N s - 2S S ] = [M b s ° - 2£~ 1J /V 4 ,„] = Y^=2 2 ( v ~ l ) N ™ 
(and [L s — 2S S ] — M b ° — 2j^^L 1 N sv — J2^=2 ~ ^) Nav) f° r the present formulation and the traditional spinon 
descriptions, respectively. 

On the one hand, the N } ^ holons and N% antiholons of the description of Ref. [4(|, whose number values are 
given in Eq. (|85]l . correspond to c pseudofermion holes and c pseudofermions, respectively, of the present operator 
formulation created under a transition to an excited state. This choice is consistent with within the present operator 
formulation the unbound ?7-spinons whose occupancies as given in the expressions of their numbers provided in Eq. 
Q determine the excited states 77-spin number values S v and S^j 3 neither being scatterers nor scattering centers. 
Thus the holon and antiholon description of Ref. implicitly accounts for the separation of the ?7-spin SU(2) 

symmetry degrees of freedom and c hidden U(l) symmetry degrees of freedom, respectively, of the rotated-electron 
occupancy configurations. Indeed, the results of the first paper reveal that the BA numbers occupancy configurations 
corresponding to t hose of the holons and antiholons as defined in Ref. [4(| generate the representations of the c 
hidden U(l) symmetry algebra. 

On the other hand, the L] x — [N a — 2S C ] traditional r/-spin-l/2 holons of Refs. [U |42[ are different both from 
the M v — [N a — 2S C ] 7y-spin-l/2 77-spinons and N^ = [N a — 2S' C ] spin- less and ry-spin-less c fermion holes of the 
current formulation. This is in spite of all such objects having the same number value. The Lh traditional holons as 
defined in Ref. [42| both have 77-spin 1/2 and carry the BA c band momentum values qj carried here by the c fermion 
holes. In the first paper it has been shown that the momentum occupancy configurations of the BA c band generate 
representations of the c hidden U(l) symmetry algebra. Moreover, the traditional holons ?7-spin 1/2 is associated with 
the 77-spin SU(2) symmetry. Combining these two properties, reveals that the traditional holons of Refs. [4l], [42[ 
have been implicitly constructed inherently to describing both ry-spin SU{2) symmetry and c hidden U(l) symmetry 
degrees of freedom of the set of [N a — 25 c ] rotated-electron doubly and unoccupied sites. (Although the authors of that 
reference did not explicitly mention the latter symmetry, as confirmed in the first paper the c hidden U(l) symmetry 
is accounted for by the BA solution, which they have used in their studies.) The general formulation used here and 
in the first paper accounts for the separation of the latter two degrees of freedom. (That such a formulation number 
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value M v = [N a — 2S C ] of l/2-?7-spin 77-spinons exactly equals that N' c l = [N a — 2S C ] of c fermion holes was shown 
in the first paper to merely following from the occupancy configurations of such objects describing the 77-spin SU(2) 
symmetry and c hidden U (1) symmetry degrees of freedom, respectively, of the same set of [N a — 2S C ] rotated-electron 
doubly and unoccupied sites.) 

It was confirmed in that paper that the number value of 77-spinon, spinon, and c fermion occupancy configurations 
in each subspace of fixed 77-spin S^, spin S s , and 2S C exactly equals that of the model global ?y-spin SU{2) symmetry, 
spin SU(2) symmetry, and c hidden f/(l) symmetry algebra representations, respectively. This is not req uired though 
for the configurations of the traditional spinons and holons of both the descriptions of Refs. and [ZJ H^]- Indeed, 
their holon and spinon occupancy configurations refer to ground-state normal-ordered descriptions that account only 
for the configuration changes relative to those of the initial ground-state occupancies. Thus they do not account for the 
extra occupancy configurations associated with the generation of that ground state from the S n = N a ; S s = 0; 2S C = 
electron and rotated-electron vacuum. 

A quantum problem is defined by a Hamiltonian plus the Hilbert space it acts onto. The elementary object 
descriptions considered in the first paper, here, in Ref. and in Refs. (41UI3I ] refer to four quantum problems, 

involving the ID Hubbard model in different subspaces. It is confirmed below that the subspaces where each description 
scatterers and scattering centers are defined is determined by the corresponding different choices of scattering states 
being allowed by the degeneracy of the excited energy eigenstates that span such subspaces. The subspaces under 
consideration are the following: 

- The operator formulation introduced in the first paper and used here, which involves the ?7-spin-l/2 77-spinons, 
spin-1/2 spinons, and c fermions along with the related 2^-77-spinon composite rjv fermions and 2i/-spinon composite 
sv fermions, refers to the ID Hubbard model in its full Hilbert space, spanned by all 4^" energy eigenstates. 

- The related /3 pseudofermion operator description associated with the pseudofermion scattering theory introduced 
in this paper and the related PDT of Refs. 0,01 refers to the ID Hubbard model in a PS. We recall that each PS is 
spanned by an initial ground state of densities in the ranges n £ [0, 1] and m £ [0, n] and the excited states generated 
from it whose number deviations are such that 5Np/N a — !• 0, SM v ^i/2/N a —> 0, and iAf s -1/2/^0 — > as N a —> 00 
for all j3 — c,rjv,sv pseudofermion branches where v = l,...,oo and unbound —1/2 77-spinons and unbound —1/2 
spinons. 

- The holon and spinon description of Ref. [40} refers to the ID Hubbard model in any PS spanned by an initial 
ground state of arbitrary electronic density n and spin density m = and the excited states generated from it whose 
traditional-holon and traditional- antiholon numbers given in Eq. (1851) and traditional-spinon numbers are such that 
N%/N a -> 0, N p h /N a -> 0, and N s /N a = [2S C - 2 £~ x N sv ]/N a ->■ 0, respectively, as N a ->■ 00. 

- Finally, the traditional holon and spinon description of Refs. (4lTj43j applies to the half-filled ID Hubbard model 
in the specific PS generated from the S v — 0; S s — 0;2S C — N a absolute ground state. It is spanned by that ground 
state and excited states generated from it whose number deviations are such that Lh/N a = [1 — 2S C /N a ] — > and 
L s /N a = [2S C - 2 J2Zi N sv ]/N a -> as iV a -»• 00. 

The PS spanned by the excited energy eigenstates of the S v = 0; S s = 0; 2S C = N a absolute ground state is that 
common to the three scattering theories. It has an interesting property: The energy contribution from the 77-spin 
degrees of freedom of energy eigenstates with the same number Lh = [N a — 2S C ] of holons as defined in Ref. j42( is 
the same. The different energies of such L/j-holon configurations stem only from the c hidden U(l) symmetry degrees 
of freedom associated with the c band momentum values qj occupancy configurations. 

The PSs spanned by the excited energy eigenstates of any S s — ground state, including the S v = 0; S s = 0; 25*0 = 
N a absolute ground state, have a similar interesting property: The energy contribution from the spin configurations 
that involve the unbound spinons and the sv fermions with v > 1 spinons pairs of the present formulation is the 
same for energy eigenstates with the same number N s = [2S C — 2^^L 1 iV S j / ] (and L s = [2S C — 2^^° =1 N sv ]) of 
traditional spinons as defined in Ref. 40] (and in Ref. 42]). The different energies of such 7V s -spinon (and i s -spinon) 
configurations stem only from the si band momentum values qj occupancy configurations. 

B. Relation between scattering theories 

Here we compare the three scattering theories for the ID Hubbard model in the [N' c l + N' s \] = 2 reduced subspace, 
which is contained in the PS spanned by the excited states of the S v = 0; S s = 0; 2S C — N a absolute ground state. In 
addition, we extend our discussion to that PS, which is the subspace common to the three scattering theories under 
consideration. Moreover, we compare the theories of the present formulation and of Ref. for the ID Hubbard 
model in the PSs spanned by the excited states of S s = ground states with electronic density in the range n £ [0, 1]. 
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In Appendix [C] it is shown that the dressed phase shifts considered in Refs. (4l| - |43| for the excited states of the 
[N£ + Ngi] = 2 reduced subspace are particular cases of the overall phase-shift functionals Q c (q) and Q s i(q) of Eq. 
(fl~5|) . Similar results are obtained for the phase shifts considered in Ref. [40( associated with the excited states of 
S s = ground states with electronic density in the range n € [0, 1] . 

The dressed phase shifts of both Ref. [40| and Refs. [4l|, [42| were directly extracted from the BA solution. The 
latter references used the method of Ref. [53| . which is equivalent to that used in the studies of Ref. [i(|. In the 
[N£ + N^] = 2 reduced subspace, the dressed phase shifts refer to twelve types of excited states whose number and 
number deviation values are given in Tables UlllIVI of Appendix [Cj For the three scattering theories, the scattering 
centers are elementary ob ject s created under the transitions to the excited states. Within the scattering theories of 
both Ref. 4(| and Refs. |4ll . |42[, only such elementary objects play the role of scatterers. The elementary objects 
of the present formulation whose occupancy configurations remain unchanged under the transitions from the ground 
state to the excited states are not accounted for by such ground-state normal-ordered scattering theories. 

The form of the original spin-1/2 electron bare S matrix is uniquely defined by the BA solution. (See, for instance, 
Lecture 1 of Ref. [13].) On the other hand, that in Refs. j^H^ the scatters and scattering centers associated with 
the dressed phase shifts are identified with spin-1/2 spinons and r?-spin-l/2 holons leads within the reduced subspace 
to a non-diagonal spinon-spinon 4x4 dressed S matrix block and a non-diagonal holon-holon 4x4 dressed S matrix 
block of an overall 16 x 16 dressed S matrix given below. The spinons as defined in Ref. [40( also have spin 1/2, so that 
within the reduced subspace the corresponding spinon-spinon dressed S matrix block is again a 4 x 4 non-diagonal 
matrix. However, the holons (and antiholons for electronic densities n ^ 1) of the description of that reference have 
no internal degrees of freedom. Thus except for its spinon-spinon 4x4 block, the dressed S matrix of Ref. [Z(| given 
below is otherwise diagonal. 

The number values of elementary objects of the present formulation for all classes of excited states that span the 
reduced subspace are provided in Table HTl of AppendixO The corresponding number values of the elementary objects 
of the traditional holon and spinon descriptions of both Ref. [4011 an d Refs. [4l|, |42j are given in Table IIIII of that 
appendix. The holon-holon 4x4 dressed S matrix block of Refs. [4ll . [42| (and spinon-spinon 4x4 dressed S matrix 
block of both Ref. [4(| and Refs. 0, HU) corresponds to subspaces spanned by four types of Lh = 2;L S = 
77-spin-triplet and 77-spin-singlet excited energy eigenstates (and Lh = 0; L s = 2 and thus N% = 0; N s = 2 spin-triplet 
and spin-singlet excited states) . In this case the two objects created under the ground-state - excited-state transitions 
are traditional holons (and traditional spinons) and thus it is unimportant which of them is chosen as scatterer and 
scattering center, since the phase shifts are the same. Thus, at fixed c band hole momentum values qj and qy of the 
two created objects the number of relevant one-particle scattering states equals that of excited energy eigenstates. 

On the other hand, for each of the four types of Lh = 1; L s = 1 and thus = 1; N s = 1 doublet excited energy 
eigenstates, one must consider two one-particle scattering states. Indeed, both within the descriptions of Refs. [4(| 
and [4ll |42| one traditional holon and one traditional spinon are in this case created under the ground-state - excited- 
state transitions and thus the one-particle scattering states where that traditional holon and traditional spinon is the 
scatterer are different: The traditional holon and traditional spinon scattering states are associated with different 
phase shifts that refer to the c and si phase shifts given in Eq. (|C19[) of Appendix [CJ respectively. Therefore, while 
at fixed values of the c and/or si band hole momenta qj and of the two created objects the reduced subspace is 
spanned by the twelve excited energy eigenstates whose number and number deviation values are given in the Tables 
UlllIVI of Appendix [C] the dressed S matrix for the corresponding full scattering problem involves sixteen states and 
thus has indeed dimension 16 x 16. However, for each pair of one-particle scattering states associated with the same 
doublet energy eigenstate ones uses the latter state in the evaluation of the corresponding phase shifts that appear in 
the entries of that dressed S matrix. 

For the scattering theory of Refs. [Ill, [42j it is of the form, 
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where Ssr) and S^s are 4x4 diagonal dressed matrix blocks corresponding to scattering events where the traditional 
spinons and holons are the scatterers and the traditional holons and spinons the scattering centers, respectively. 
On the other hand, Ssg and Sec are the above mentioned two 4x4 dressed S matrix blocks associated with the 
spinon-spinon and holon-holon scattering, respectively. The latter two matrices are not diagonal. 

In the present case of the scattering theory of Refs. [U |42j, we denote the two sets of four states that refer to 
the four one-particle scattering states by | + 1/2, +1/2; a), | - 1/2, -1/2; a), | + 1/2, -1/2; a), and | - 1/2, +1/2; a). 
Here a = r\ and a = s refer to the holon-holon and spinon-spinon states, respectively. The two ?7-spin (a = rj) or spin 
(a = s) projections ±1/2 labeling these states are those of the two involved traditional holons or spinons, respectively. 
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The 4x4 permutation matrix P transforms the above four states as, 



| + 1/2, +1/2; a) 
| - 1/2, +1/2; a) 



| + 1/2, +1/2; a) ; | + 1/2, -1/2; a) 
1 + 1/2,-1/2; a); | - 1/2, -1/2; a) 



| -1/2, +1/2; a), 

| -1/2, -1/2; a); a = 77, s . (87) 



The two non-diagonal dressed S matrix blocks Sgg and Sec m Eq. ([86)) are then of the following form 
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1 



(Spr + Spsn + ^Spr-Sps)*; P = c,s, 



where I is the 4x4 unity matrix, 

Sp T = (-l)W e lS ^ 



P = C,S; t = T,S; 2/c = 1 , Vs = . 



(88) 



(89) 



Here Sp T with /3 = C, S and t — T, S denotes the four phase shifts defined by Eqs. ([CT5]) . (fCTBf . (ICTTf . and ([Cl"8[) 
of Appendix [C] On the other hand, the four diagonal entries of the above 4x4 diagonal dressed S matrix blocks Ss n 
and S v s are equal and given by, 



= (-1)'"' i P'P" = Sr), VS ; z n 



z S = 0, 



(90) 



where Sp>p>' with j3'/3" = Sr], r]S are the two phase shifts defined in Eq. (|C19|) of Appendix [Cl 

In the case of the scattering theory of Ref. 40| , we find for the reduced subspace at fixed values of the two c and/or 
si band hole momenta qj and a 16 x 16 dressed S matrix, which is related to that given in Eq. (I86[) by a unitary 
transformation as follows, 



S = R t SR = 
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o - 















; R = 





I 








; J = 
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1/V2 -1/V2 

1/V2 1/V2 

1 



(91) 



Here R denotes the corresponding unitary matrix. The only non-diagonal part of this 16 x 16 dressed S matrix 
corresponds to the spinon-spinon 4x4 dressed S matrix block S55, which remains identical to the spinon-spinon 
4x4 dressed S matrix block Sss in the 16 x 16 dressed S matrix expression given in Eq. (|86j) . It has the form given 
in Eqs. ([88")) and ([551 for fi = S. The only change relative to the dressed S matrix of Eq. ([8"6"[) occurs in the 4x4 
matrix block Sec of the 16 x 16 matrix provided in Eq. (|91[) . which now is diagonal. Its three first diagonal entries 
(and the fourth diagonal entry) equal the phase factor Sct (and equals the phase factor Scs) defined in Eq. ([55)1 . 

For the scattering theory of Ref. [40|, we denote again the set of four states that refer to the four one-particle 
scattering states by | + 1/2, +1/2; s), | - 1/2, -1/2; s), | + 1/2, -1/2; s), and | - 1/2, +1/2; s). Those are associated 
with the spinon-spinon scattering. The two spin projections ±1/2 labeling these states are those of the two involved 
traditional spinons. The 4x4 permutation matrix P that transforms such four states is given in Eq. (1871) for a = s. 
The two phase shifts of Eqs. (IC17I) and (jC18[) of Appendix [Cl which are the quantities Sp T appea ring in Eq. (|89[) for 
/3 = S and t — T, S, refer to the half-filling limit of corresponding spinon phase shifts of Ref. [40( for spin-triplet 
(t = T) and spin-singlet (r = S) excited states. 

We denote by |c, c; +1), |c, c; 0), |c, c; —1), and |c, c, r]l; 0) (and \sl, si; +1), |sl, si; 0), |sl, si; —1), and |sl, si, s2; 0)), 
where the index with values 0, ±1 refers to <S^ 3 (and the four excited energy eigenstates associated with the four 
one-pseudofermion scattering states needed to express the four holon-holon states | + 1/2, +1/2; 77), | + 1/2, — 1/2; 77), 
I — 1/2, +1/2; 77), and | — 1/2,— 1/2; 77) of the scattering theory of Ref. [42[ (and with the four spinon-spinon states 
1+1 h, +1/2; s), | + l/2, -1/2; s), | - 1/2, +1/2; s), and | - 1/2, -1/2; s) of both the scattering theories of Refs. [H and 
[HH!!)]-) It is confirmed below that concerning the four holon-holon states of Ref. [4l|, [42j and the four spinon-spinon 
states of both Refs. and [4l|, [42[ there is no one-to-one correspondence to the corresponding four states of the 
pseudofermion scattering theory. 

At fixed values of the two excited-state emerging momenta qj and , the three states denoted by |c, c; S* 3 ) (and 
I si, si; Sg 3 )) corresponding to S* 3 — 0, ±1 (and S* 3 — 0, ±1) are the three 77-spin-triplet excited states (and three 
spin-triplet excited states) considered in Appendix [Cj (See the corresponding number and number deviation values in 
the Tables iHllIVI of that appendix.) Our phase shifts refer to all the iV c excited-state c pseudofermion scatterers, 
c pseudofermion-hole scatterers, N s i si pseudofermion scatterers, and Nf\ si pseudofermion-hole scatterers. On the 
other hand, the phase shifts of the scatterers of both Refs. [4(| and [4l|, [42[ refer only to one of the present c (and si) 
pseudofermion-hole scatterers. Indeed, the two branch indices c, c (and si, si) of the above states refer to the specific 
c (and si) pseudofermion-hole scatterer and c (and si) pseudofermion-hole scattering center, respectively, created 
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under the transition from the ground state to the excited state. Furthermore, |c, c, 77I; 0) (and |sl, si, s2; 0)) denotes 
the 77-spin-singlet excited state (and spin-singlet excited state) whose three branch indices c, c, rjl (and si, si, s2) refer 
to the specific c pseudofermion-hole scatterer, c pseudofcrmion-hole scattering center, and r\\ pseudofermion scattering 
center (and si pseudofermion-hole scatterer, si pseudofcrmion-hole scattering center, and s2 pseudofermion scattering 
center) created under such a transition. 

We note that the eight one-particle scattering states of both Refs. [4(| and [42j associated with ground-state - 
excited-state transitions where one traditional holon and one traditional spinon are created correspond to only the 
four doublet excited energy eigenstates whose number and number deviation values are provided in Tables ITflllVI 
of Appendix [Cl In that case the four many-particle states of the three representations associated with these eight 
one-particle scattering states are the same states. 

For the pseudofermion scattering theory we find for the reduced subspace at fixed values of the two c and/or si 
band hole momenta qj and qj> the following fully diagonal 16 x 16 dressed S matrix, 



s = u f su 
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; u = 
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j 



(92) 



where U is a unitary matrix and the 4x4 matrix J is given in Eq. (|9ip . 

The three first diagonal entries (and the fourth diagonal entry) of the two 4x4 diagonal dressed S matrix blocks 
Spp such that P = C, S of the S expression given in Eq. (p?2l equal the phase factor S@t (and equals the phase factor 
Sps) provided in Eq. (|59")l . The four diagonal entries of the other two 4x4 diagonal dressed S matrix blocks 
such that ft P" = Sij, r]S of the same expression are equal and given in Eq. (|90p . 

For the general pseudofermion scattering theory the diagonal entries of the 16 x 16 diagonal dressed matrix S 
provided in Eq. (1921) are sixteen dressed S matrices Sp (qj ) of dimension one whose general form is given in Eq. (|35l) . 
They correspond to the c and si pseudofermion-hole scatterers of the reduced-subspace excited states considered here. 
We recall that for each excited state the phase shifts in the entries of the dressed S matrices of the scattering theories 
of Refs. [13, EH given in Eqs. (f86| and (|9T|) and those in the corresponding diagonal dressed S matrix provided in 
Eq. (|9"2"j) refer to the specific scatterers created under the transition to the excited state. 

A major difference between the pseudofermion scattering theory and the traditional holon and spinon scattering 
theories of both Ref. and Refs. [U |42j is though that the scatterers of the present formulation include the 
macroscopic number of those that pre-exist in the ground state. Specifically, the pseudofermion scattering theory 
general S matrices Sp(qj) of Eq. (|35p apply to all th e N af3 scatterers of that theory. Most of those re-exist in the 
ground state. As further discussed below in Section IVI Cl that the pseudofermion scattering theory accounts for 
the phase shifts of scatterers other than only those created under the transitions to the excited states is a necessary 
condition for it accounting as well for the microscopic processes that control the one- and two-electron dynamical and 
spectral properties of the ID Hubbard model. 

Use of the unitary matrices defined in Eqs. (|9T1) and (|92l) reveals that the above four holon-holon (a = rj) states 
of Ref. 42 1 and four spinon-spinon (a = s) states of both the descriptions of Refs. [42[ and can be expressed in 
terms of the excited energy eigenstates that contain the one-pseudofermion scattering states of the present formulation 
as follows, 



| + l/2, +1/2; a) - \P,P;-1); | + 1/2, -1/2; a) 



1 r 
75 



\P,P;0)-\P,P,av';0) 



1/2, +1/2; a) 



1 

71 



\p,P;0) + \p,p,ap';0) ; | - 1/2, -1/2; a) = \p, p; +1) 



(93) 



Here a = 77, P = c, and av 1 = r/1 for the holon-holon states of Refs. [4l|, |42( and a = s, p = si, and av 1 — s2 for 
the spinon-spinon states of both Refs. and [U |42[. Such relations confirm that the states | + 1/2, —1/2; a) and 
I — 1/2, +1/2; a) associated with the holon-holon and/or spinon-spinon one-particle scattering states of the traditional 
holon and spinon descriptions are not eigenstates of the 77-spin (a = r/) or spin (a = s). Importantly, however, they 
are energy eigenstates, since they are a superposition of two energy eigenstates with the same energy eigenvalue. 

The validity of the scattering theories requires that the excited states associated with the asymptotic one-particle 
scattering states have a well-defined energy. For the present quantum problem, this requirement is fulfilled provided 
that the excited states associated with the one-particle scattering states are energy eigenstates of the model. Such a 
requirement is obeyed by all the excited states associated with the one-particle scattering states of the pseudofermion 
scattering theory, which are indeed energy eigenstates of the ID Hubbard model. This is true for all PS excited states 
of initial ground states with arbitrary values of the electronic density n and spin density m. 
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For the traditional holon and spinon scattering theory of Ref. [40| that requirement is obeyed for the PS excited 
states of S s = ground states of arbitrary electronic density n. That such theory is valid only for such excited states 
follows from only as m — > the energy of the set of excited states with the same set of si band hole momentum values 
{qh} where h — 1,...,A^\ and — N s but different values for the unbound-spinon numbers M" n and set of sv 
pseudofermion numbers {N S1J } of the present formulation being the same. This allows each of the scattering states of 
theory of Ref. [40l ] being expressed as a superposition of energy eingenstates with the same energy eigenvalue. Hence 
it is the degeneracy of the above types of excited energy eigenstates that determines the subspace where the holons 
and spinons as defined in Ref. refer to a valid choice of scattering states. 

Finally, for the traditional spinons and holons as defined in Refs. [4l], |42j such a property holds only for the PS 
excited states of the S^ = 0; S s = 0; 2S C = N a absolute ground state. This is is due to at fixed values of the set of 
c (and si) band hole momentum values {qh} where h = 1, ...,N^ and — L c (and h — 1, ...,iV^ and = L s ) 
the energy of that ground-state excited states with the same number Lh of traditional holons (and L s of traditional 
spinons) but different values for the unbound-?7-spinon numbers M™ n and set of rjv pseudofermion numbers {N, 1V } 
(and for the unbound-spinon numbers M] 1 ™ and set of sv pseudofermion numbers {N sv }) of the present formulation 
being the same. This holds provided that the PS limiting conditions Lh/N a —> and L s /N a — > as N a —> oo are 
fulfilled. This property again assures that the scattering states of that traditional holon and spinon description can be 
expressed as a superposition of energy eingenstates with the same energy eigenvalue. Thus it is again the degeneracy 
of the above types of excited energy eigenstates that determines the subspace where the holons and spinons as defined 
in Refs. (4l|, |42[ correspond to a acceptable choice of scattering states. 

Consistent, the traditional holon and spinon scattering theory of Ref. 40] (and Refs. (4ll, |42| ) refers only to the ID 
Hubbard model at zero magnetization (and at half filling and zero magnetization) . More specifically, its applicability 
refers in the thermodynamic limit to PSs spanned by the excited states of any S s = ground state (the PS spanned 
by the excited states of the S n = 0; S s = 0; 2S C = N a absolute ground state.) 

In Appendix [Dl the role of the degeneracy of the excited energy eigenstates in the definition of the subspaces where 
the traditional spinon and holon descriptions of Ref. [40] and Refs. [4j], |42j are defined is further discussed. The 
situation is found to be qualitatively different for finite u values and in the u —¥ oo limit, respectively. 



C. Relation to the finite-energy spectral properties 

Both the traditional holon and spinon scattering theories of Ref. [4(| and Refs. [U, [42j, respectively, consider 
explicitly only the scatterers created under the transitions from the ground state to the excited states. It is confirmed 
below that within the PDT 0-Q the phase shifts of the macroscopic number of (3 — c, si pseudofermion scatterers 
that pre-exist in the initial ground state play a major role in the ID Hubbard model unusual finite-energy spectral 
properties. 

A one- or two-electron excitation O' \GS) is contained in a well-defined direct sum, Eq. ([7]), of CPHS ensemble 
subspaces. It is a superposition of excited energy eigenstates. Each of these states is described by a set of deviations 
{5Np(qj)}, Eq. (|A18[) of Appendix \X[ involving a finite number of scattering centers. One can consider that the order 
of the direct sum of Eq. ([7]) of CPHS ensemble subspaces associated with a given one- or two-electron excitation is 
that of the increasing values of the minimum energy uJo(D r , S r ), Eq. ©, of each CPHS ensemble subspace, relative 
to that of the initial ground state. For fixed value of the numbers S r and D r defined in Eq. (|A19[) of Appendix [Al 
these energy values are such that, 

wo(0, S r ) < wo(l, S r ) < Wo(2, S r ) < - , (94) 

and 

Lj {D r , 0) < LJ {D r , 1) < LJ {D r , 2) < ... , (95) 

respectively. Note that for fixed values of electronic density n € [0, 1] and spin density m €]0,n], the ordering of the 
energies uio(D ri S r ) is well defined and such that, 

wo(0,0) <mm{w (0,l),a;o(l > 0)} < (96) 

An important property is that for a given energy range SEi ot i A € [0,wo] the number of CPHS ensemble subspaces 
of the direct sum of Eq. (J7J is finite. Moreover, as each energy u>o(D r , S r ) is reached, an increasing number of 
channels opens up, which correspond to CPHS ensemble subspaces of increasing energy. By new channels we mean 
here j3 = av pseudofermion branches of increasing v value. Thus, for a given energy range SEi ot i & G [0, luq] there is a 
well defined set of (3 pseudofermion dressed S matrices, whose "in" and "out" asymptote one-pseudofermion scattering 
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states correspond to the set of excited energy eigenstates spanning the direct sum given in Eq. (JTJ) of CPHS ensemble 
subspaces of energy smaller than or equal to ojq. The /3 pseudofermion dressed S matrices belonging to that finite set 
control the spectral properties for energies in the range under consideration, 5Ei o j & £ [0,wo]- 

The changes in the pseudofermion occupancy configurations under the ground-state - excited-state transitions inside 
the scattering-theory PS play a major role in the PDT 0-0- Within the N a ^> 1 limit of the present formulation the 
corresponding pseudofermion elementary processes that generate the PS from the ground state can be classified into 
three types: 

(A) Finite-energy and finite-momentum elementary /3 = c, si (and /3 = av ^ si) pseudofermion processes involving 
creation or annihilation (and creation) of one or a finite number of pseudofermions at momentum values away and 
different from the (3 — c, si Fermi momenta, <ipa, where i = ±1 (and at j3 — av ^ si band momentum values); 

(B) Zero-energy and finite-momentum processes that change the number of /3 = c, si pseudofermions at the l = +1 
right and l = — 1 left f3 — c, si Fermi points. 

(C) Low-energy and small-momentum elementary /3 = c, si pseudofermion particle-hole processes in the vicinity 
of the i — +1 right and t = — 1 left /3 = c, si Fermi points, relative to the excited-state a = c, s pseudofermion 
momentum occupancy configurations generated by the above elementary processes (A) and (B). 

In the following we provide some useful information that confirms the major role plaid by the phase shifts and dressed 
S matrix of the pseudofermion scattering theory introduced in this paper in the one- and two-electron spectral function 
expressions of the PDT near particular (k, w)-plane points and spectral branch lines. 

The energy and momentum spectrum of the excited energy eigenstates generated by the processes (A) and (B), 

8Ef o =Ef o -E GS ; SP°=P°-P GS , (97) 

are important pieces of the PDT spectral-function expressions. For simplicity, here we have omitted the states number 
/a that within our notation stands for the set of numbers [2S C , S v , S s , A^"Lx/2' -^"-1/2]- hideed, the sum over excited 
states considered in the following is over states with the same /a values. 

For instance, the processes (A) and (B) that generate a j3 = c, si branch line involve creation of one /3 = c, si 
pseudofermion (co = +1) or f3 = c, si pseudofermion hole (cq — —1) of bare momentum q away from the f3 = c, si 
Fermi points. The remaining /3' = c, av pseudofermions or /3' = c, si pseudofermion holes are created by such processes 
at the corresponding Fermi points (/3' = c, si) or band limiting momentum values ±q at/ (/?' = av 7^ si). The spectra, 
Eq. (|57|) . of the excited energy eigenstates generated from the ground state by such processes (A) and (B) have the 
general form, 

5E®=cj o + \e (q)\; 5P% = P +c q, P = c,sl, co = ±l. (98) 

Here luq = ujo{D r , S r ) is the energy given in Eq. ([B]) and the constant momentum Pq results from the possible creation 
of unbound —1/2 77-spinons and /?' = c, av pseudofermions and /3' — c, si pseudofermion holes other than the /3 = c, si 
pseudofermion or /3 = c, si pseudofermion hole of bare momentum q. 

Another type of spectral feature refers to a point-like singularity. It is generated by processes such that all /3 = c, av 
pseudofermions and /3 = c, si pseudofermion holes are created under the transition to the excited state at the 
corresponding Fermi points ±qFp> (/?' = c, si) or j3' band limiting momentum values ±qp> (/?' = av 7^ si). In that 
case the spectra, Eq. (|97| . of the corresponding excited energy eigenstate generated by the processes (A) and (B) 
have the form 8Ef — cjq and <5P® = Pq. 

Within the PDT, a one- or two-electron spectral function B(k, uj) can near the above spectral features be written 
as a sum of terms. Each of those refers to a small subspace spanned by states with the same elementary-objects 
numbers. Near the (k, w)-plane points and spectral branch lines mentioned above, the spectral function B(k, uj) may 
be replaced by the dominant term of such a set of terms, which here we denote by B & (k, oj) 0-Q > 

B(k, uj) « B G (k, uj) = Y, e ( n - Su} i°) ®( 5uj io) © (Kl " Vp) Bf o (5uj la ,v lo ) . (99) 
If 

The X); sum appearing here is over excited energy eigenstates generated by processes (A) and (B) with excitation 
energy and momentum, Eq. (1^71) . in the ranges 8Ef £ [u> — Q, uj] and 8P? £ [k ~ fl/vi a , k], 

Suji o = [uj- SEfJ ; Ski o = k- 5P® , 
5Ei o = 8Ef o + Suj to =uj; P lo = 8P® + 8k lo = k , 
Suj 

vi a = ' v j3 = min{w c ,w s i} ; vp = max{w c , v s i} . (100) 
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Here SEi o = lu and SPi o = k denote the excitation energy and momentum, respectively, of final energy eigenstates 
including contributions from the processes (C) and f2 denotes the energy cut-off of such processes. The value of 
that cut-off defines a small energy range within which the velocity vi o given in Eq. (|100j) remains nearly unchanged. 
Fortunately, fl does not appear in the k and uj dependences found for the spectral functions by the PDT . 

The general excitation energy spectrum expressed in Eq. (1211) in terms of /3 = c, si pseudofermion occupancy 
configurations lacks second-order residual interaction terms, in contrast to exactly the same excitation energy spectrum 
when expressed in terms of (3 — c, si fermions, as given in Eqs. (jXHJ)- (JT^J) . Consistent, within the present N a 1 
limit the /3 = c, si pseudofermions are not energy entangled, so that the function Bf(8uii ol vi o ) appearing in Eq. (|99|) 
can be expressed as a convolution of c and si pseudofermion spectral functions as follows, 

Bf(5oji ,vi ) = — - — — / dJ \ dk' B QiS (5uj[ o /v[ o - k' ,5uj[ o - J) 

111 JO J-s S n(v lo )Su n Jv f) 

x B Qfi (k',uj'). (101) 

Here (3 = c, si and f3 = si, c, respectively, are chosen according to the criterion of Eq. (jlOOl) concerning the relative 
magnitudes of the two /3 = c, si Fermi-points velocities vp defined in Eq. (|A23|) of Appendix [A"l 

Due to the orthogonal catastrophe associated with the shake up effects resulting from the f3 — c, si band discrete 
canonical-momentum value shift under the transition to the excited states, a large number of particlc-holc processes 
(C) near the j3 = c, si pseudofermion Fermi points lead to finite-spectral weight contributions. The processes (C) 
refer to the linear part of the (3 — c, si energy dispersions, in the vicinity of the j3 = c, si Fermi points. Thus they 
involve the j3 = c, si Fermi-points velocities, vp, given in Eq. (|A23p of Appendix lAl Within the PDT, the number 
mp, t = l,2, 3, ... labels the different types of processes (C) near the a, l Fermi point, where /? = c, si and l = ±1. Its 
value, m^. i = 1,2,3, gives the number of elementary processes of momentum ±27r/7V a involved in the processes 
(C) under consideration. 

The PDT expressions of the c and si pseudofermion spectral functions in Eq. (jlOip involve sums that run over the 
numbers mp^ u — 1,2,3,... associated with the processes (C) 041|, 

m-13, +1 TO,S ( -1 

x S { U ' ~ W V P 51 m/3 '') s i k ' ~ W im 0,i) ' P = c,sl. (102) 



t=±l t=±l 



Here, 



Ap = ^4l°' 0) ap(m/3,+x, mp t -i) , P = c,sl, (103) 



where the weight A^' ^ is associated with the transition from the ground state to an excited state generated by the 
processes (A) and (B) and the relative weights a^m^+i, rn^-i) are generated by the additional processes (C). 

Within the algebra used by the PDT to derive the spectral weights given in Eq. (|103l) , the effective pseudofermion 
anticommutators provided in Eq. (|24[) play a major role. Such anticommutators can be expressed solely in terms of 
the difference q — q' of the corresponding f3 and j3' pseudofermions canonical momentum values and the dressed S 
matrix Sp (q) given in Eq. (pJSj) for the /3 pseudofermion. The latter object plays the role of scatterer in the excited 
energy eigenstate. The anticommutators under consideration can be written as, 



1 



1/2 



Im 




1/2 


sin([q — q' 


/2) 



{f^UM-Sp,,— [Sp(q)\ e ^v a _l_i_ , (104 ) 

The related anticommutators between two pseudofermion creation or annihilation operators vanish. The expression 
given in Eq. (| 104|) reveals that the dressed S matrix, Sp(qj), controls the pseudofermion effective anticommutators. 

After a suitable algebra that involves such anticommutators, one finds that the weight A^ ' ^ on the right-hand side 
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of Eq. (HOIIl) reads @,§, 
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(105) 



The number of /3 band discrete momentum values, N af) , and the (3 band momentum distribution function, N?(qj), 
in this expression are those of the excited state generated by the processes (A) and (B) and Qp(qj) is the phase-shift 
functional defined by Eqs. (fTT|) . <jT5j) , and ([T6| . The deviations in that functional expression are those generated by 
the corresponding ground-state - excited-state transition. 

The form of the weight given in Eq. (HOg) confirms that within the PDT of Refs. 0,H, the overall j3 pseudofermion 
and hole phase-shift functional Qp(qj)/2 in Eq. ([T5|) . which is associated with the dressed S matrix Sp(qj) = e l Qp( qi >, 
Eq. (|35|) . controls the one- and two-electron spectral properties. Within the algebra used to derive such a weight 
expression, that phase-shift functional arises from of the pseudofermion effective anticommutators, Eq. (|104p . For the 
PDT, the general expression of the relative weights ap(m^ +i, mp i _i) appearing in Eq. (|103[) in the tower of excited 
energy eigenstates generated by the processes (C) reads 



K TO /3,+l> m /9,-l) 



[ n a /3,i( m £,o 
t=±i 



N a 



p = c,sl 



(106) 



Here the relative weight ap tb (mp^ b ) is given by, 



a/3, t (TO/3, t ) = U 



(2Ai+j-l) r(m /3 , l + 2A^ 



r(m Al + l)r(2Ai) 



/3 = c, si , t = ±1 , 



where r(x) is the usual gamma function. It follows from Eq. f|10T[) that, 

ap tL (l)=2Ap, /3 = c,sl, t = ±l 



(107) 



(108) 



The four functionals 2A^ appearing here play a major role in the PDT. They are directly related to the right (i = +1) 
and left (t = — 1) ft = c, si canonical-momentum Fermi-point deviations 5<^?a ~ iSqpp. Specifically, they are given by 
2Ao = [(5gp.o/(27r/AT a )] 2 . It follows from the expressions provided in Eq. (f22|) that in units of 2ir/N a the corresponding 



four /3 = c, si and t = ±1 canonical-momentum Fermi-point deviations read 5q F p/(2ir/N a ) 

j F p/(2w/N a ) = i5N°'J + Qp(iq F p)/2ir. Here 6N°j 



LSNL+Q$(Lq F p)/2Tr. 



They can alternatively be written as 8q Fl3 / (2ir/N a ) = i5N a „^ + Qp(t,qpp)/2iT. Here 6N„' F denotes the deviation in 
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the number of /3 = c, si pseudofermions at the right (t = +1) and left (t = +1) /3 = c, si Fermi points, which results 
from the ground-state - excited-state transition, without accounting for the possible shift of the BA quantum numbers 
Ij considered in the first paper. The latter can be integers or half-odd integers and refer to the j3 band bare discrete 
momentum values, qj = [2ir/N a ] Ij , in units of 2ir /N a . 

The four functionals 2Ap can be expressed in terms of the /? pseudofermion dressed S matrix Sp(q) — e 1 ®?^ and 
corresponding j3 phase shift Qp(q)/2 introduced in this paper of the scatterers at the four /3 = c, si and i = ±1 Fermi 
points, q = LqFp, as follows, 



2A^ = 



.SN 



lSN 



o,f _ . log Sp{Lq F /3) 
^ 1 2tt 

0,F , QpitqFp) } 2 

+ 2ir J 



f3 = c, si , L = ±1 . 



(109) 



Consistent with Eq. (|55"j) . here the log branch is log Sp(tqpp) — iQp(tqFp)- 
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The expression provided in Eq. (|108l) reveals that the functional given in Eq. (jl09l) is the relative weight associated 
with the Tnp tl — 1 peak of the a, i pseudofermion spectral function. Moreover, 

ap(l, 0)=2A+ 1 ; a p (fi, 1) = 2A/ , ft = c,sl. (110) 

The function of Eq. (|107p has the following asymptotic behavior, 

1 / \2Ai-l 

a 0,^ m P^)-Y^K^\ mp ' 1 ) ; 2A ^ 0; £ = c > sl ; t = ±1 - ( m ) 

The ft — c, si spectral function weight j4^ ' \ Eq. (|105[) . determines mostly the absolute weight of the spectral 
feature, as k and oj tend to the corresponding (fc,w)-plane singular branch line or point. That feature k and ui 
dependence in the vicinity of such a line or point is rather controlled by the relative weights ap(mp t +i, m^,_i) 

in the general weight expression Ap = A^' * 1 ap(mp t +i , mp t -i), Eq. (|103[) . which are given in Eqs. f|106[) . (I107p . 
(|108|) . (jllOp . and pill) . Within the PDT and present formulation N a 1 limit, the dominant processes correspond 
to very large values mp i0 3> 1 in the product nj=fi' °f ^ ne relative weight ap >t ,{mp tL ) expression provided in Eq. 
(|107[) . Such large mp^ values imply a large range for the product index value j = 1,2, ...,mp tt . This means that 
such a relative weight has contributions from processes (C) involving a large number of elementary ft — c, si band 
particle-hole processes of increasing momentum l [2n/N a ] j absolute value, [2ir/N a ] j — 2n/N a , 4:ir/N a , 2mp > L ir/N a , 
where i — ±1. A large range for the product nJ=T implies as well that the relative weight ap. L (mp, behaves as 
ap, t {mp,,,) « [l/r(2A^)] (m^) 2 ^" 1 for N a > 1, as given in Eq. JUT). 

Importantly, the contributions from the creation by the processes (A) and (B) of elementary objects with no 
occupancy in the initial ground state, specifically ft — av ^ si pseudofermions, unbound —1/2 ?/-spinons, and 
unbound —1/2 spinons, is within the function B ( ?{5u)i ,vi ) given in Eq. (llOip merely accounted for through their 
contribution to the excited-state energy and momentum spectra, Eq. (|97p . Their absence in the initial ground state 
renders the corresponding spectral- function matrix-element quantum overlap orthogonal-catastrophe free [7|, |8| . The 
contribution to the spectral weights from the tower-states associated with the above j — 1,2, ...,mp tl processes (C) 
refers only to the /3 = c, si branches with finite occupancy in the initial ground state. That so many tower states 
contribute to the spectral- function matrix elements results from the shake up effects and corresponding /3 = c, si 
band discrete canonical-momentum value shifts under the transition to the excited states. Those stem from the initial 
ground state and the excited state having different values for the set of /3 = c, si band discrete canonical-momentum 
values. (Such effects do not occur for the /3 = av ^ si momentum bands, since they are empty in the initial ground 
state.) 

The pseudofermion description considerably simplifies the study of the exotic quantum-liquid finite-energy spectral 
properties @, H, HH [23[ . Note, however, that within the PDT Lehmann representations, technical limitations exist. 
Those arise from the difficulty in summing up all contributions to the spectral weights from the overlap of the initial 
ground state with the whole set of suitable excited energy eigenstates. In general such sums are difficult to perform, 
since the overall /3 pseudofermion and hole phase-shift functional provided in Eq. (fl5|) has a different value for each 
excited state. Fortunately, such sums can be performed for some line shapes corresponding to the vicinity of important 
spectral-weight features. That includes the j3 = c, si branch lines and singularities near important (k, w)-plane points 

0-B. 

Indeed, within the present N a 3> 1 limit, following the use of the relative weight ap. L (mp^ L ) expression provided in 
Eq. (ITlT|) in Eqs. (|M|), (HUE]), (TTU2")) , and (HM]) . the sum J];o in the spectral-function expression given in Eq. (jM)) 
can be performed. This leads to the following spectral-function behavior near a /3 = c, si branch line whose general 
shape is defined by the energy and momentum spectra of Eq. (IMf 0, [1] , 

B(k,u) oc (ui - uipik))^ ; (uj-ujp{k)) > 0, 
iOp{k) = \ep{q)\ q=CQ[k _ Po] ; C(fc) = -1+^ ]T 2A^,( g )| 9=Co [k _ Po] . (112) 

p'=c,sl t=±l 

Within the PDT, this expression is exact for ft = c, si branch lines that limit the bottom of the (fc,w)-plane finite 
spectral-weight region. Hence there is no weight beneath such lines. For the particular case of the one-electron 
spectral function, this expression is a good approximation for the j3 = c, si branch lines that have a small amount of 
spectral weight beneath. 

In the expressions provided in Eq. (|112[) ep{q) is the ft = c, si energy dispersion given in Eq. (|A21|) of Appendix 
(fAf for the ft = c, si branch-line excited states generated by processes (A) and (B) whose spectra is provided in Eq. 
(f9"8")l and the four functionals 2AL = 2A L j3 ,(q) of Eq. (I109P depend on the momentum k = P + c q through their 
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dependence on the bare- momentum q of the /3 = c, si scattering center created under the transition to such states 
[3t3- Indeed, we recall that each ground-state - excited-state transition corresponds to uniquely defined values of 
the set of deviations dNpi(qj/) in the expression of the (3 phase shift Qp(qj)/2 defined by Eqs. (fTT|) . (fl5|). and (fT6|) 
and corresponding j3 dressed S matrix Sp(qj) — gQp\H> given in Eq. (|35|) . The latter depends on such deviations 
through each of the elementary S matrices, Sp t p>, in the expression provied in Eq. (|36[) . Therefore, in the expression 
of the above functionals 2AJj, provided in Eq. (|109[) . the dressed S matrix Sp'(Lqpp') and corresponding phase shift 
Qp'(mFp')/2 depend on both the scatterer bare momentum iqppi and the momentum q of the /3 = c, si branch-line 
scattering center. 

On the other hand, near a spectral-function singularity (fc,cj)-plane point (Pq,uio) associated with a transition to 
an excited energy eigenstate generated by processes (A) and (B) whose spectra, Eq. (j97|) . have the form SEf = uj n 
and SPj 3 = Po, the spectral- function behavior is found to be 043, 

B(k, ui) cc (uj ~ u>o)^ ; (u) — wo)>0, 

c = -2 + E 2A ^' ; u * ±v ? ( fc - p o) , p = c, si , 

/9'=c,sl t=±l 

C = -1-2AJ + E 2A ^ w±Vf,(k-Po), /3 = c,sl. (113) 

/9'=c,sl t=±l 

Here vp is the /3 = c, si band Fermi velocity given in Eq. (|A23I) of Appendix |A1 The expressions provided in Eq. 
(I113P apply to the finite- weight region above the singular point (Pq,ojq). 

The general dynamical and spectral function expressions provided in in Eqs. ()112[) and (|113[) refer to the vicinity 
of both low-energy and finite-energy spectral features. It is shown in Ref. [8| that in the limit of low excitation 
energy such expressions recover those provided by conformal-ficld theory. As shown in that reference, for low-energy 
eigenstates of S r] > and S s > ground states the four functionals 2Af and 2A sl of Eq. (|109l) are the conformal 
dimensions of the c, ± and s, ± primary fields. Within conformal-field theory, those control the expressions of the low- 
energy correlation-function exponents. At low-energy the finite-size corrections associated with the energy excitation 
spectrum can be mapped onto a semi-direct product of two independent Virasoro algebras, each having central charge 
equal to one [54j |. 

We have the following comments about the general PDT spectral-weight expressions given above in terms of the j3 
phase shift Qp(qj)/2 and thus of the corresponding dressed S matrix Sp(qj) — e 1 ® 13 ^^ of the pseudofermion scattering 
theory introduced in this paper: 

- The important PDT = c, si spectral function weight A^' " 1 given in Eq. (|105l) involves products Jli^f over 
all N ap — [Np + Np] corresponding (3 = c, si band scatterers of the excited state. That includes both those that 
pre-existed in the initial ground state and the scatterers created under the transition to the excited state. This 
confirms that the ID Hubbard model dynamical and spectral properties are within the pseudofermion scattering 
theory controlled by microscopic processes involving the scattering of all such j3 = c, si scatterers with the scattering 
centers created under the transitions to the ground state. In contrast, both the traditional scattering theories of Ref. 
[40l | and Refs. [U, [42|, respectively, consider only the few phase shifts associated with scatterers created under the 
transition to the excited state. Thus they do not account for most of the microscopic processes that control the model 
dynamical and spectral properties. 

- For electronic densities n / 1 the four functionals of Eq. (|109|) control the exponents in the dynamical and 
spectral function expressions given in Eqs. (|112l) and (|113[) , which refer to the vicinity of well-defined ft = c, si 
branch lines and points, respectively. For instance, c and si branch lines as those of the expression provided in Eq. 
(I112[) occur in the case of the one-electron spectral functions @. Under the processes (A) and (B) that generate the 
one-electron addition LHB excited states (k) and (n) (and one-electron removal excited states (k) and (n)) of Table 
|V]of Appendix [C] two scattering centers are created: one c pseudofermion (and one c pseudofermion hole) and one si 
pseudofermion hole. For the particular processes (A) and (B) that generate the c branch lines (and si branch lines), 
the c scattering center (and si scattering center) is created at a bare momentum q away from the corresponding c 
(and si) Fermi points. Thus only the other si scattering center (and c scattering center) is created at a si (and 
c) Fermi point. This reveals that out of the four scatterers with phase shifts <5 c (±gF C )/2 and Q s i(±qp c )/2, which 
appear in the expression of Eq. (|109j) for the corresponding functionals 2A^ and 2A^, respectively, that control the 
branch-line momentum-dependent exponent £(fc) of Eq. (|112[) . three pre-existed in the initial ground state. On the 
other hand, the scattering theory of Ref. only provides the phase shift of one of such four scatterers: That of the 
spinon corresponding to the si scatterer (and holon or antiholon corresponding to the c scatterer) created under the 
transition to the ground state at a si (and c) Fermi point, which also plays the role of scattering center. (The same 
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applies to the phase shifts of Refs. [U, [42[, which in addition refer to half filling whereas the PDT expressions are 
valid for the model metallic phase.) 

Thus not only the /3 = c, si spectral function weight given in Eq. (I105P involves the phase shifts of both all 

P = c, si scatterers that pre-existed in the ground state and those created under the transition to the excited state, 
as also, in the case of one-electron excited states, out of the four phase shifts that control the branch-line momentum- 
dependent exponent given in Eq. (|112j) . three phase shifts refer to (3 = c, si scatterers that pre-existed in the 
ground state. Such results confirm the unsuitability of the traditional holon and spinon scattering theories to describe 
the model dynamical and spectral properties. 

After the PDT was introduced, a set of novel methods have been developed to also tackle the finite-energy physics 
of ID quantum fluids, beyond the low-energy Luttinger-liquid limit. Some of such methods have been very recently 
reviewed in Ref. [141 ]. They combine phenomenology built on the ideas of the Fermi-edge singularity and the Fermi- 
liquid theory, perturbation theory in the interaction strength, and new ways of treating finite-size properties of 
intcgrable models. Their application to specific ID correlated models often involve the use of suitable numerical 
techniques, as those used in the studies of Ref. [17[ for the ID Hubbard model. The numerical results for the 
dependence of the one-electron removal spectral-function exponents on the excitation momentum reported in Section 
VIII of that reference are for electronic density n — 0.59, interaction values u — U /At = 0.25, 1.225, 2.5, and the whole 
range of momentum in full quantitative agreement with those previously obtained by use of the PDT [9j, |23|, |24j . (The 
analytical justification of the equivalence of the PDT expressions for such exponents and the corresponding numerical 
results of Ref. [I?} is an issue that will be addressed elsewhere.) 

VII. CONCLUDING REMARKS 

In this paper it is found that the ID Hubbard model natural scatterers and scattering centers that emerge from the 
operator formulation introduced in the first paper are the spin-less and ?7-spin-less c pseudofermions, the spin-neutral 
composite sv pseudofermions, and the 77-spin- neutral composite r\v pseudofermions. The corresponding (3 = c, av 
pseudofermion dressed S matrix has dimension one. Since for the theory initial ground states only the c and si 
pseudofermions have finite occupancies, such scatterers phase shifts and dressed S matrices play a major role in the 
model physics. 

There is a /3 pseudofermion scattering theory for each initial ground state and corresponding PS. The theory is 
valid for PSs of initial ground states with arbitrary values of the electronic density n and spin density m. Within 
each of such large subspaces, the c pseudofermions, sv pseudofermions, and r\v pseudofermions emerge from the c 
fermions, sv fermions, and r\v fermions, respectively, considered in the first paper, through a well-defined unitary 
transformation. Under each ground-state - excited-state transition, the ft fermions discrete momentum values are 
slightly shifted, what leads to the corresponding /3 pseudofermions discrete canonical momentum values, which are 
phase-shift dependent. Otherwise, the f3 fermions and j3 pseudofermions have exactly the same properties. 

As shown in the first paper, the present object operator formulation accounts for the representations of the model 
global symmetry algebra representations. Furthermore, the corresponding scatterers and scattering centers have 
been constructed from rotated-electron configurations inherently to profiting from the effects of the conservation of an 
infinite number of conservation laws associated with the model integrability. Indeed, for such scatterers and scattering 
centers there is only zero-momentum forward scattering, in contrast to the underlying involved non-perturbative 
many-electron interactions. 

In terms of the /3 pseudofermion zero-momentum forward scattering, the quantities associated with the spectral 
and dynamical properties of the model n =/= 1 metallic phase are naturally controlled for both low and finite energies 
and finite values of the on-site repulsion by the corresponding dressed S matrices and phase shifts. Our results reveal 
that the transport of spin and charge is also controlled by such phase shifts. 

The "in" and "out" states of the pseudofermion scattering theory are exact excited energy eigenstates. They 
can be written as a simple direct product of "in" asymptote and "out" asymptote one-pseudofermion scattering 
states, respectively. Such a property combined with the also simple form obtained for the /? pseudofermion and f3 
pseudofermion hole dressed S matrices is behind the suitability of the present representation to the description of the 
finite-energy spectral and dynamical properties of the model metallic phase. In this paper it has been confirmed that 
the pseudofermion scattering theory describes the microscopic processes behind the PDT [7, 8] . Such processes control 
the exotic transport of spin and charge. Rather than in terms of electronic processes, the microscopic processes that 
determine the spectral and transport properties of the ID Hubbard model are simple in terms of /? pseudofermion 
zero-momentum forward scattering. 

In this paper we have also clarified the relation of the pseudofermion scattering theory to both the traditional spinon 
and holon scattering theories of Ref. [4(| and Refs. pl| - |43| . respectively. There is no contradiction whatsoever between 
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those and the pseudofermion scattering theory. The degeneracy of the excited energy eigenstates plays a central role 
in the determination of the subspaces where distinct choices of scattering states and thus of different elementary 
objects is allowed. The present pseudofermion scattering theory is normal ordered relative to the electron vacuum 
whereas the traditional holon and spinon descriptions of Ref. [Z(| and Refs. [4ll-l43l] are normal ordered relative to 
an initial S s = ground state of arbitrary electronic density and the S v = 0; S s = 0; 25c = N a absolute ground state, 
respectively. That the ground-state normal-ordered traditional holon and spinon scattering theories consider the few 
scatterers that are created under the transitions to the excited states was found to limit their applicability to the 
study of the model dynamical and spectral properties. Indeed, they lack microscopic processes associated with the 
phase shifts of the scatterers that pre-exist in the initial ground state, which play an active role in such properties. 

Several properties predicted by the ID Hubbard model were observed in low-dimensional complex materials 25;]. 
The investigations presented in Refs. [9l. I22I-I24} confirm that the PDT describes successfully the unusual finite-energy 
spectral features observed by angle-resolved photoelectron spectroscopy in quasi-lD organic metals. The results of 
this paper contribute to the further understanding of the non-perturbative microscopic scattering mechanisms behind 
these properties. 
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Appendix A: Generalization of the thermodynamic BA equations to the ID Hubbard model in a uniform 

vector potential 

Here some general results useful for the studies of the paper are presented. That includes extension of the first 
paper to the ID Hubbard model in a uniform vector potential. Indeed, the thermodynamic BA equations considered 
in that paper may be extended to the ID Hubbard model in a uniform vector potential, A Xl e Xl [5l], [5f|. In that 
general case the Hamiltonian H of Eqs. ([!]) and ([5]) becomes, 

Hsymrn = t [f(<f>f, + 4?i V D ] . 

ffa, h) = ~ E E [ C L c i+i.- ^' Na + <t+i,* ^ e-^/^] . (Al) 
<r=t4i=i 

Here Vd is the electron on-site repulsion operator whose expression is provided in Eq. ([3]). The uniform vector 
potential does not alter the form of that operator. On the other hand, it modifies the kinetic energy operator by the 
usual Peierls phase factor. 

Such an extension is needed for the studies of this paper presented in Section [V] Otherwise, only the corresponding 
4>f = 4>l = thermodynamic BA equations are required. For the case of LWS Bcthe states, the thermodynamic BA 
equations of the Hamiltonian given in Eq. (|AI[) are slightly changed relative to those provided in the first paper. 
Using the same notations and definitions as in that paper, they read [5lL l55l]. 

, 1 \ , fa 2 at 1 \ + f smk c (qj) - A su (qj>)\ 
kc(q 3 ) = 9i + ^-^LL N sv (qj>) arctan ^ 3 — J — j 



v=\ j' = l 



J-EE ^feO arctan f VM ) . j = 1> _ ^ , (A2) 

a "=1 j'=l 
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and 



*w(<?j) = ?j - 2u [ -! — I — — 2^ A^cfe') arctan ' 



where 



a V '=l j< = l 

v = l,...,oo, j = l,...,N aau , a = f],s, (A3) 



k a u{q 3 ) = S a!V 2Re{axcsm(A vv (q j ) +ivu)}, u=l, ...,oo, j = 1, ...,N aav , a = rj,s, (A4) 



is the rapidity-momentum functional, which vanishes for a — s, and the function Q v y(x) is given in Eq. (|B16|) of 
Appendix [B] 

Alike in the first paper, our BA representation refers to LWSs of both the spin and 77-spin 5/7(2) algebras. For such 
Bethe states the numbers, 

K-i/2 =S v ~\{N a -N) = 0, 1, 25, ; 1/2 = S s - i(JV t - A^) = 0, 1, 25, , (A5) 

of 77-spin projection —1/2 unbound 77-spinons and spin projection —1/2 unbound spinons, respectively, vanish. More- 
over, we use the same notation, \^i ,i^,u), for the energy eigenstates as in the first paper. Within such a notation, the 
Bethe states are written as \*&i 0} io^ }U ). A non-LWS energy eigenstate \^i ,i & ,u) is generated from the corresponding 
Bethe state \^>i o ; o u ) as follows, 



i*i.,ia,«) = n 

a— rj,i 

Here. 



1 ✓Aj-n.M? 



(si 



l^io.ii.u)- (A6) 



C a = (* io ,o A ^|(5-) A ^.- 1 / 2 (5+)^ s .- 1 / 2 |* ioi o Aiil ) 

= [M™ 1/2 !] II [Mr + l-i'], M™ 1/2 = l,.,M a » ,a = r?, S , (A7) 

are normalization constants, 5+ and S~ are the 77-spin (a = 77) and spin (a = s) off-diagonal generators considered 
in the first paper, M™ n = 25 Q denotes the total number of unbound 77-spinons (a = 77) and unbound spinons (a = s), 
and Za and Z A stand for the set of numbers [25 c , S v , S s , M™ n _ 1 , 2 , Af"™^] anc ^ [2<5c) -S 1 ,,, 5 S , 0, 0], respectively. Within 
our notation, i A refers to limiting values of the general index Z A such that M^Ai/2 = M"" 1 ; 2 = 0, which arc 
those of the Bethe states. The triangle index A in /a and Z A symbolizes the three symmetries: The c hidden U(l) 
symmetry associated with the number 25 c and the two 5/7(2) symmetries associated with the numbers 5,, 77,, and 
S s ,n s , respectively, in [25 c , 5,, 5 S , n,, n s ]. Moreover, l Q stands for all remaining quantum numbers beyond I a needed 
to uniquely define an energy eigenstate \$i ,i&,u)- 

The BA solution of the Hubbard model in a uniform vector potential, Eq. (|Aip . provides as well the energy 
eigenvalues Ei o jp (<fif, (j>±) of the Bethe states |\Pj o) j^ )t4 ), which are given by, 

E lo,l° A = Esyrnm + V ^7^ + 1/2 + M-B H M"" 1/2 7 

N a 

E S yrnm = [ N o{lj) (cOSk(qj) + u) - It/2] 

i=i 

oo W« 



"=1 3=1 



Re 



(A8) 



For the non-LWSs the unbound 77-spinon number M^' l ^_ 1 , 2 and unbound spinon number M "™ 1 y 2 appearing in the first 
expression given here are replaced by [A7 r ™ jy 2 — Af^™ 1 y 2 ] and [M"" 1 y 2 — A7"™ 1 ^ 2 ], respectively. The dependence on 
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</>-)- and 4>i of this general energy spectrum occurs through that of the rapidity functions appearing in its expression. 
The latter ^ and </>j, dependence is uniquely defined by Eqs. (|A2I) and (IA3|) . 

Within the N a — > oo limit that the thermodynamic BA equations, Eqs. (|A2|) - (|A4|) . refer to, it is often convenient 
to replace the ft fermion discrete momentum values qj, such that qj+i — qj = 2ir/N a , by corresponding continuous 
momentum variables q. In the absence of a vector potential, (j>f = <f>± = in Eqs. (|A2|) - (|A4I) . those belong to domains 
q € [—qp, +qp], whose limiting absolute values qp read [|[, 



Qc = 7T, 
7T 

N, 



q a u = ^r{Na av ~l) for Na au odd, 

* a 

= TrN aav far JV„ a „ even. (A9) 



The number N ac of c band discrete momentum values and that of av band discrete momentum values N„ all appearing 
here are found in the first paper to read, 

N ac = [N c + N£] = N a , 

N aav = [N av + N* v ]. (A10) 

where iV c = 2S C and N av denote the number of occupied c and av band discrete momentum values, respectively. 
Those of unoccupied values are given by = 2S*' 1 = [N a — 2S C ] and, 

oo oo 

JV*,= [2£ a + 2 V ~ V ) N "«A = i M a n + 2 V-vWas], a = ri,8, (All) 

respectively. For the /3 = av branches the ft discrete-momentum values distribution is symmetrical and bound by 
the momentum values iq al / with q all given in Eq. (|A9|) . On the other hand, if one accounts for corrections of order 
1/N a , one finds that for the c band the q range is given by q G [9^,9^] where the limiting values q^r are provided in 
Eqs. (B.15)-(B.17) of Ref. 



For the ground states, the limiting momentum values of Eq. (|A9j) have simple expressions. For the densities in the 
ranges considered in this section, they read, 

q c = 7T ; q s i = k Ft ; q sv = [k Ft - k Fi ] , v > 1 ; q vu = [w - 2k F ] . (A12) 

Here we have again ignored the corrections of order 1/N a . 

Concerning ft fermion occupancies, ground states are described by compact c and si fermion finite occupancies for 
momenta in the ranges q € [— q F p 1 +qFp] where ft = c, si. On the other hand, the av ^ si branches have vanishing 
ground-state occupancy. For the above ground states with densities in the ranges n € [0, 1] and m € [0,n], the c and 
si Fermi momenta are given by, 

q Fc = 2k F ; q Fsl = k Fi . (A13) 

Here we have ignored corrections of order 1/N a , which are provided in Eqs. (C.4)-(C.ll) of Ref. [Hj]. 

Alike in the first paper, we denote by k®(qj) and Ai(qj) the specific rapidity- function solutions of the thermodynamic 
integral equations given in Eqs. (IA2|) - (|A4|) for (f>^ = <pi = that refer to a ground state. Those play an important 
role both in the PDT of Refs. [7|, [8| and pseudofermion scattering theory introduced in this paper. Upon suitable 
manipulations of such thermodynamic BA equations, the ground-state functions k®(qj) and A^(qj) may be defined in 
terms of their inverse functions qj = q 3 ;(A° •) as, 



F° c {Kl( qj )) = arcsin(A°( (7 ,)) = A ;c ( gj ), 
FLi^lM) = Kr, 2Re [arcsinCA",,^) + ivu)] . (AH) 

Here N a/j — N a for ft = c. The number N aav is for the ft = av branches given in Eqs. (|A10[) and (|A11[) . The functions 
^c,p{f, r') also appearing here are defined in Eqs. (|B7[) - (|B9I) of Appendix IB] Moreover, the parameter Q in the above 
equation and the related parameters B, r):, and r° sl appearing in other quantities considered in this paper may be 
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expressed in terms of the ground-state rapidity functions k®(q) and A° 1 (g) at the corresponding c and si Fermi points 
of Eq. (|A13[) . respectively, as follows, 



Q = fc c °(2fc F ); B = A° sl (k n ), 

; . = - . (A15) 



o sinQ o B 



For the n — 1 and to = absolute ground state the (3 ^ c, si bands do not exist and the equations given in Eq. 
(|A14[) have an analytical solution for the (3 = c, si branches. For that ground state the rapidity functions k®{qj) 
(where A®(qj) — sin (qj)) and A^ 1 (qj) are defined in terms of their inverse rapidity functions as follows, 







,,, / , sm(u> sinfc^fo,-)) „ 

qj = k% 3 ) + 2 / du J (1 + e2 C ly ; Jb(w) , J = 1, iVa , 



sm^A^fe)) 



© = / du v / ^ JoM, ./ 1 V„ . (A16) 

Jo w cosn(w it) 

Here Jo(w) is a Bessel function. 

To first order in the /3 fermion momentum-distribution function deviations, the general energy spectrum of the 
Hamiltonian (Q| is of the form Q , 

SE loM = E E ep{q 3 )5N p { q] ) + 2^ M£_ 1/2 + 2/x B M™ 1/2 , 
& j'=i 

/3=c,sl J=l /3^#sl j'=l 

+ 2\y\ M n ,_i /2 + 2 MB |ff | [5M s> _ 1/2 - <W sl ] . (A17) 

The /3 fermion momentum-distribution function deviations appearing here are given by, 

SNpfa) = Npfa) - N$(qj) , j = l,...,N a/t , p = c,av, (A18) 

where Np(qj) and Ng(qj) are the corresponding excited-state and ground-state /3 fermion momentum-distribution 
functions, respectively. 

In the expressions given in Eq. (|A17[) . and M"±]y 2 are the numbers of ?7-spin projection ±1/2 T;-spinons 

and spin projection ±1/2 spinous, respectively, given in Eq. ©. (The numbers M™ t L 1 / 2 an< ^ -^"™i/ 2 are those of 
Eq. (jA5[) .) Related important conserving numbers for the finite-energy physics are that of rotated-electron doubly 
occupied sites, D ri and spin-down rotated-electron singly occupied sites whose rotated electrons are not associated 
with the si fermions, S r . Such conserving numbers read, 

oo 

D r = M rh _ 1/2 = [M«"_ 1/2 + M*°/2] = [M™ 1/2 + vN^] , 

OO 

S r ee [M s ,_ 1/2 - N.i] = [M™ 1/2 + M b s °/2 - N sl ] = [M%L 1/2 + £ vN sv ] . (A19) 

The energy dispersions £°g(qj) also appearing in Eq. (|A17[) can be expressed in terms of the functions <$> Ct p(r,r') 
defined by Eqs. (|B7[) - (|B9I) of Appendix [51 and of the initial ground-state rapidity functions Ag(qj) (with A°(qj) = 
smk®(qj) for (3 = c) defined by their inverse functions in Eq. (|A14[) as follows, 



s$(q 3 ) = E$( qj ) + 2tJ^dk^^ S ^,^^)smk, j = l,...,N ae 
E°M = -^-2tcosk c ( qj ] 



K»(li) = S a , v {-v U + 4tRe [^1 - (A°„( gj ) + ivu) 2 \ } . (A20) 
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The related energy dispersions £p(qj) appearing in Eq. (|A17[) for the j3 = c, si branches can be defined for all branches. 
They are given by [5J , 

£c(q 3 ) = e° c (q 3 ) - e° c (q Fc ) = e° c (q 3 ) + (1 - 6 n<1 ) \n\ + S nil M° - Mb W\ , 
£si(qj) = e° sl (q j )-e sl (q Fsl )=e sl (q j ) + 2 f i B \H\, 
e S v(qj) = e° sv (qj) + 1vii B \H\ , 

= 4M + ('i--S n< i)2v\n\ + 6 nil 2iy f i , (A21) 

where 2/i° is the n = 1 Mott- Hubbard gap whose limiting behaviors are given in Eq. (|38[) . The zero-energy level of 
the energy bands in Eq. (|A17[) is such that, 

e c (±2k F ) = e.i(±k F ±)=0, 
s a w (±[n-2k F ]) = e° su (±[k Ft -k Fi })=0. (A22) 

Hence for the av ^ si bands it refers to the limiting momenta of Eq. (|A12|) whereas for the c and si bands it 
corresponds to the f3 = c, si Fermi momenta given in Eq. (|A13I) . 
The corresponding f3 fermion group velocities read, 

, , de p (q) de°(g) 
vp(q) = Qq = dq ' P = c,-qv,sv, i/ = l,...,oo, 

vp = vp(q F p), /3 = c,sl. (A23) 



Appendix B: Two-pseudofermion phase shifts 

Here we first derive the integral equations that define the two-pseudofermion phase shifts n&p^i (r,r') on the 
right-hand side of Eq. (fl4l) for densities whose ranges obey the inequalities < n < 1 and < m < n. To achieve 
that goal, we solve the thermodynamic BA equations given Eqs. (|A2)) - (|A4|) of Appendix lAl for <pf = <p^ = up to 
first order in the deviations 8Np{qj) provided in Eq. (|A18[) of that appendix. This is accomplished on using in them 
rapidity functionals of form provided in Eq. ([5J with the canonical momentum q 3 — q{qj) defined by Eqs. (110|) and 
(jlip . Such a procedure leads to the expression given in Eq. (1141) with the two-pseudofermion phase shift it <&p t f)t{r, r') 
uniquely defined by the integral equations provided below. 

A first group of two-pseudofermion phase shifts obey integral equations by their own. These equations read, 

r° 

it $ s i, c (r, r') = -arctan(r -r')+ / dr" G(r, r") ir $ si , c (r" , r') , (Bl) 



Tr$ a i,r,v (r,r') = / dr" — 

7T . _ r o 1 



arctan 



(r - r") 2 



(B2) 



and 



T*ai,an (r,r') = 8i tV arctan ( r - T ^+(1 - frt^) jarctan^ — y) + arctan yj } 



dr" 



arctan 



7T J_ r o 1 + (r - r"f 



+ / dr"G(r,r")7t^ s i, s i{r",r') 



(B3) 



The parameters and rj, appearing in such equations are given in Eq. (|A15j) of Appendix [X] and the kernel G(r,r') 
reads, 



G(r,r') 



1 

2^ 



l + ((r-r')/2) 2 J 



1 - o t(r)+t(r') + 



n , l(r)-l(r') 



(B4) 



Here 



t{r) = — [arctan(r + r°) — arctan(r — r°)] , 



(B5) 
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and 

l(r) = - [ln(l + (r + r°) 2 ) - ln(l + (r - r°) 2 )] . (B6) 

The kernel defined in Eqs. ()B4|) - ()B6|) was first introduced in Ref. [48f within the low-energy two-component c and 
s = si pseudopartiele theory studied in that reference. 

A second group of two-pseudofermion phase shifts are expressed in terms of the basic functions given in Eqs. 
dHU-(|B3l) as follows, 

7r J_ r o 1 + (r - r"Y 
(r,r') - -arctan(^) + - f' dr" ^£f^Q , (B8) 

and 

tt$ c , S! , (r,r>) = -arctanf— -) + ± f' ^ l^if^g . (B9) 
\ v J 7r y_ r o 1 + (r — r") z 

Finally, the remaining two-pseudofermion phase shifts can be expressed either in terms of the functions provided 
in Eqs. (|H7 ]l -(|H9 ]l only, 



**- ('■•') - -W— ) - \ jT' • (B10) 



*i„> (r,/) = i 0„,„.(r - r') - i / r ' V'^&Q , (Bll) 



7T 7_ r .O 



^i + (^F) 



*• V,„ (r,r') = -1 P*' &' **^X$\ ' (B12) 

7T J_ r o V[l + {—^Y\ 



or both in terms of the basic functions given in Eqs. (|B1|) - (|B3|) and of the phase shifts of Eqs. (|B7[) - (|B9j) . 

/r-r'\ 1 f r ° tt$ (r" r') f r ° - Q [1 \(r-r") 
7r$ s ,, c (r,r') = -arctan(^^)+i / dr" \ ^ r ; J > / dr"n $ fll , c (r", r') i/>1, (B13) 



tt (r, /) = ± / dr''^^U - dr"-K$ sl , vv , (r",r') -i ">1> (B14) 



W-r°~' i/[l + (2^1)2] ,/_ r o" ^ ' 2 ^ 

7r$^(r,r') = ie^(r-/) + - f" ^ ^ffg^ - f' dr'V W (rV) ^Z!^ . (m5 ) 
2 7T J_ r Q v{\ + (l—2—y] J_ r o 2tt 

In the above two-pseudofermion phase shift expressions, ® v y [x] is the function, 

v-l 

® v y{%) — S v y |2 arctan^^-^j + ^ 4 arctan^^^ j + (1 — <5„,j/')|2 arctan^ 



„-|V-| v-v'\ 



2arctanf X )+ V 4arctan(- -)\ , (B16) 

\v + v'J \\v- v'\ +21J) 
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v-l 



and O^J,/^) is its derivative, 

[i] _ <f8„,„/(s) f 1 >P 2 \ i n _ A J 

+ (- + -')[l + (^) 2 ] + U (l---'l+20[l + ( F ^ F5 i) 2 ]J ■ (B1?) 

As discussed in Section [IV Bl the general two-pseudofcrmion phase-shift it $p,p'(Qj,Qj') expression provided in 
Eq. (fl"4")l applies to initial ground states with densities in the ranges defined by the inequalities < n < 1 and 
< m < n. On the other hand, for n = 1 (and m — 0) ground states and j3 — rjv and/or /3' — rjv 1 (and /3 = sv ^ si 
and/or /?' = sv' ^ si) the rapidity function A.p(qj) and/or A^, (qy) in the argument of the phase-shift Tr$>p t p>(r,r') 
on the right-hand side of Eq. (fH)) must be replaced by the corresponding excited-state function Ap(qj) and/or 
Ap>(qji), respectively. Fortunately, however, the m — > (and n — > 1) limit of the above equations defining the two- 
pseudofcrmion phase-shifts ^^^^/(r, r') defines as well such phase shifts for an initial m = (and n = 1) ground 
state. 

We start by using such a property in the case of an initial m = ground state with electronic density in the 
range n £ [0,1]. We consider the m — > spin-density limit of the above expressions, which provides the correct 
two-pseudofermion phase-shift values. The rapidity two-pseudofermion phase shifts it <&p t pi (r, r') are defined by the 
integral equations, Eqs. ()B1I) - (|B15|) . By Fourier transforming such equations after accounting for that B = oo and 
thus r° = 4t B /U = oo for u finite, we arrive to the following equations valid for m — > and u finite, 

7r$ cc (r,r') = -B(r-r')+ / dr" A{r - r") it $ c c (r" , r') , (B18) 

1 7T f +T ° 

7r$ c , sl (r,r') = --arctan(sinh(|(r -/)))+ J ° dr" A(r - t")tt § c , s i(r" >') , (B19) 



7T $si,c(f, r') = — - arctan^sinh^— (r — r')^ + - y dr" — — — : / •= x 



7r$ c , c (r",r') 
r° cosh(f(r-r")) 



sgn(r)?r 

- 2 ^ i r = ±oo, (B20) 



K$ sltSl ( r y) = B(r-r') + ± I dr" > r \ ■ r = ± x 

sgn(r)7r 



2^2 

.2V2 



-r° cosh^f(r-r") 
r = ±00 , r' =/= r 



[sgn(r)](-^=-l)7r; r = r' = ±00 , (B21) 



-K$ c ,nu{r,r') = -arctanf- — -) + ° dr" A(r -r")Tr$ c , vv (r",r') , (B22) 



T^c»/(r ) r')=0; 1/ > 1 , (B23) 



-W(ry) = jrV'^^, (B24) 



_7-0 



coshff (r-r")) 
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- f T — T \ 

^^ s \,sv{r^r) = arctanf- — -J; r^±oo; z/ > 1 , 

= ±-^= ; r = ±00 ; u>l, (B25) 

7r$ w , c (r ) r / )=7r$ S!/ ,^(r,r / ) = 0; i/>l, (B26) 



7T $ s!/>sl (r, /) = arctanf— — -J ; v>l, (B27) 

- 1 / V — V \ ( T — V \ 

7r ®sv,sv> (r, r ) = - @ v y (r - r ) - arctanf j - arctanf j , i/,iv'>1. (B28) 

Zj \ is 1 jy ^ / \ is 1 / 

The two-pseudofermion phase shifts 7r 4>^^. c (r, r'), 7r$^ l7)!/ ' (r, r'), and n$ VVlSV > [r, r') remain being given by Eqs. 
(IBTOll - llBTl) . 

In the above expressions the function is defined in Eq. (|B16j) . 







; sin(w r) i , \ . 1 > \ / 



r(i-^ r (i + ^) ' 



and 



where r(x) is the usual T function. 

We note that the four expressions provided in Eq. (|B18j) - (lB21j) with si = s, r = x, and r° = Xo are equivalent to 
expressions given in Eqs. (A9)-(A12) of Ref. 48]. (For the phase shifts of Eqs. (|B20[) and (|B21|) this equality refers 
to values of r such that r =/= 00.) The rapidity phase-shift expressions defined here for m — > correspond to some of 
the two-pseudofermion phase shifts plotted in units of ir in Figs. QUI 

The phase-shift expressions given in Eqs. (|B23[) and (|B25|) - (IB28[) apply to excited states generated by transitions 
from a m = and n — 1 ground state. Closed-form analytical expressions for the remaining phase shifts of such 
excited states are then readily obtained by considering r° = in the integral equations provided in Eqs. (|B19|) - (IB22[) 
and (|B2"4)) . This leads to, 

7T <i> c , c (r, /) = -B(r - r') = In -) J. ) — — f , (B31) 



2 



r 



(r— r' ) 
4 

(i-^)f(i-h^)' 



**csi{r,r') = -^arctan(smh(|(r-r'))) = ^ In JT^f^PT ^ ' ( B32 ) 
7T$ s i,c (»",»"') = -^arctan(sinh(^(r-r'))) = ^ln ( ^ ) ; r ^ ±00 



2 V V2 V ')) 2 I i_i e f(»--r') 

= -^l r = ± oc, (B33) 

7r$ sl , sl (r,r') = B(r - r') = - In -) ( ) -f ; r ^ ±00 



2 " rYi_;^)) r (l+i^ 



2 • 4 y x i x 1 4 



sgn(r)7r , 



|sgn(r)](^_-l)^; r = r' = ±00 , (B34) 
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7T $«.,,,„ for*) = -arctan(- — — ) , tt $ s i,^(r, r') = tt $ c , s „<(r, r') = , v' > 1 , (B35) 



7T$ s i, sl /(r, r) = arctan^— T J ; 



±oo ; v > \ 



= ±-^= ; r = ±oo ; z/ > 1 , (B36) 
v2 

7T$ WC (r,r') = arctan(^— — ) ; tt $,,„,,,„/ (r, r') = i V)1/ /(r - r') ; tt (r, r') = , v>0. (B37) 

Some of such rapidity two-pseudofermion phase-shift expressions are used in the derivation of the equalities of Eq. 
(ESI). 

The two-pseudofermion phase shifts n <J> CjC (g, q'), TT<5> c ,si(<iq'), tt § sl . c (q,q'), 7T$ s i iS i(g, q'), tt $ c ,^i(g, q'), and 
7r$si,r]i(q, q') plotted in Figs. QJH] in units of tt for n = 0.59, m = 0, and several £//i values are defined in Eq. 
(fT4")l . The u — > phase shifts plotted in such figures have analytical expressions that we provide in the following. 
The form of the general two-pseudofermion phase-shift expression given in Eq. (fT4"f reveals that the evaluation of 
such u — > analytical expressions involves as well the derivation of the ground-state rapidity functions Ajg(g). The 
latter functions are defined in terms of their inverse functions in Eq. (|A14|) . For a m = initial ground state with 
an electronic density in the range defined by the inequality < n < 1 we find from use of the latter equation the 
following closed- form expressions for the ground-state functions k®(q), A°(g), A° (q), and A° 1 (g), which refer to the 
u — y limit, 

k° c (q) = |; \q\<2k F , 

= sgn(q) [\q\ - k F ] ; 2k F < \q\ < tt , 

= sgn(»7r; \q\ = tt , (B38) 

A° c (q) = sin(|); \q\ < 2k F , 

= sgn(q) sinn|g| - k F j) ; 2k F < \q\ < tt , 

= 0; | 9 | =7r, (B39) 

A%(q) = sgn(q) sin( (M ± ^ ) ; < \q\ < (tt - 2k F ) , 
= 0; q = 0, 

= ±oo; q = ±(n-2k F ), (B40) 

and 

A2i(?) = sin(g); |g| < k F , 

= ±oo; q = ±k F , (B41) 

respectively. 

Next, we use Eqs. (IF338I) - (|B41|) in the integral equations, Eqs. ()B1|) - (|B15|) . which define the two-pseudofermion phase 
shifts. By manipulation of these equations, we find the expressions for the above bare-momentum two-pseudofermion 
phase shifts given in the following for the u —¥ limit. (For the phase shifts tt ^si,av(q, q') we provide the values for 
u = and u —¥ 0, when different.) The expressions read, 

7T$ c , c (q,q') = -sgn(sinfc°(q) - sin fc°(</)) + 5 lqU2kF 5 q , q ,[sgn{q)}(^= - i)tt, (B42) 

TT$ c , sl (q,q') = -sgn(sink° c (q)-c sl (q')sm{q'))-^^, (B43) 
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7r$si, c (<7,q') = -sgn(sin(g) -sin fc° (</))- ; q ^ ±k F 



sgn(g)vr 
; g = ±fcp : 



0, 



(B44) 



n$ a i, a i(q,q') = 0; q^±k F 



sgn(g)7r 



2^2 
; q = ±fej? 



1 + ^,^2(1-^2) 
u = 0, 



q = ±k F ; u — > 



(B45) 



7r$ c ,„i = -sgn(sinfc°(g) - (g') sin (g')) , (B46) 

and 

7T (g, g') = -0(fe F - |g|) sgn(sin g - sin fc^ ~ • (B47) 

Here the sign function is such that sgn(0) = and the 9(x) function reads 9(x) = 1 for x > and 9(x) = for x < 0, 
alike that of Eq. (f29|) . Hence, n $> s i iV i(±k F , q') = 0. Moreover, in the above equations, k®(q) = \im u ^ k®(q) where 
the u — > value of (g) is given in Eq. (|B38|) , 

= |+sgn( g )fc F ; < | 9 | < [tt - 2k F ] 

= 0; q = 0, (B48) 



C c (g) = 2^(2A;F-M)+V2 5| 



g|,2fcj 



2fcf 



(B49) 



and 



c a i(?) = 1, \q\<k F ; c a i(g) = oo, q = ±k F 

c v i(q) = 1, |?| < [7T - 2fejr] ; c, ; i(g) = oo, q = ±[7r-2/c F ] 



(B50) 



Appendix C: Relation to the dressed phase shifts of other choices of elementary objects 

To our knowledge, the first dressed phase shifts of elementary objects derived for the ID Hubbard model are those 
of the c and s pseudoparticles of Refs. [U 58[. They are defined by the integral equations (20)-(23) of Ref. (47| 
and (32)-(38) of Ref. [48(. Within the notations of this paper, such phase shifts refer to excited states with number 
values N/3 = for the j3 ^ c, si branches and M^ 1 ^^ = for a = rj, s, whose initial ground states have densities 
in the ranges n 6 [0, 1[ and m £]0,n]. The c and s pseudoparticles of such references correspond to the c and si 
pseudofermions, respectively. The phase shifts first introduced in Refs. [13, EH are a particular case of those defined 
by the general integral equations (|B1I) - (|B15|) of Appendix IB"1 

The next dressed phase shifts introduced for the ID Hubbard model are those associated with the holon and spinon 
scattering theory of Ref. [4(| • Shortly afterwards, an alternative holon and spinon scattering theory was introduced 
in Refs. [4l|,[42j]. While the phase shifts of Refs. [53,[48| refer to a particular case of those studied in this paper, the 
main goal of this appendix is to provide further information on the relation between the pseudofcrmion scattering 
theory and the traditional holon and spinon scattering theories of Refs. and [U, |42[, respectively. The traditional 
spin- 1/2 spinons of the descriptions of Refs. [13] and [4l],|42[ are similar. On the other hand, the holons and antiholons 
of Ref. are different from the also named holons and antiholons of Ref. [U \^ . Most traditional holon and 
spinon descriptions used in the literature follow either the holon and antiholon definitions of Ref. or Refs. [4ll. l42l] . 

We start by comparing the occupancy configurations of the scattering theories elementary objects that generate 
the [N^ + Ng-j] — 2 reduced-subspace excited states where the dressed S matrix of Refs. [4l|, |42| is defined. It is 
a subspace of the S v = 0; S s = 0; 2S C = N a absolute ground state PS. We then show that for the excited states of 
the Sr) = 0; S s = 0; 2S C = N a absolute ground state to which the scattering theory of Refs. jU |42j applies, the 
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TABLE II: The number and number deviation values of the present formulation elementary objects for the twelve types of 
[Nsi + N£] = 2 energy eigenstates that span the reduced subspace. 



phase shifts provided in Eqs. (5.19)-(5.21) of that reference correspond to particular cases of the overall phase shift 
functionals Q c (q) and Q s i(q) defined by Eq. (fT5|) . Next we consider the form of such phase shift functionals for some 
one- and two-electron excited states of ground states with densities in the ranges n £ [0,1] and m E [0,n]. Their 
relation to the phase shifts of the holons and spinons of Ref. [40] is discussed in the case of one- and two-electron 
excited states of ground states with electronic density in the range n € [0, 1] and zero spin densisty, m = 0. 

Finally, the technical problems that prevent the extension of the traditional spinon and holon scattering theory of 
Ref. (4Q] (and Refs. [4l|, HI]) to PSs spanned by excited states of initial ground states with spin density m ^ (and 
densities n/1 and m 7^ 0) are discussed. 

1. The reduced subspace of the initial S n = 0; S s — 0; 2S C = N a absolute ground state PS 

The dressed S matrix of Refs. [U HIJ is defined in a reduced subspace of the PS spanned by the excited states of 
the S v = 0; S s = 0; 2S C = N a absolute ground state. That PS is that common to the three scattering theories under 
consideration. The reduced subspace under consideration is spanned by that ground state and its excited states with 
numbers of holes in the c and si bands such that [Nj? + N^] = 2. For the traditional descriptions of Refs. [4(| and 
[jlMI^ this is equivalent to [Nft + N s ] = 2 and [L h + L s ] = 2, respectively. 

Here we describe the transitions from the S v — 0; S s — 0; 2S C — N a absolute ground state to such excited states 
within the present operator formulation and the traditional holon and spinon descriptions of Refs. [4(j and (4lTj43| . 
In such a reduced subspace the spinons of Refs. [4(J and (4l| - |43| are exactly the same. Moreover, the holons of 
Ref. {40j correspond to the c pseudofermion holes created under the transition to the excited states. Therefore, 
for simplicity our analysis of the above transitions refers to the present operator formulation and the traditional holon 
and spinon description of Refs. [41H43j . 

The number and number deviation values of the present formulation elementary objects for the twelve types of 
[Nc+Nfh] = 2 excited energy eigenstates that span the reduced subspace are provided in Table [III The corresponding- 
number values of the elementary objects of the traditional holon and spinon descriptions of both Ref. [4(| and Refs. 
[4ll |42| are given in Table IIIII Moreover, in Table IIVI the values of a =f, 4 electron-number deviations, scatter-less 
phase shifts Q° c and Q° sl of Eq. (fl6)) , and 77-spin and spin and corresponding projections are also provided for such 
excited states. For the initial S v = 0;S S = 0; 2S C = N a and [N^ + N^] = [Lh + L s ] = absolute ground state both the 
c and si momentum bands are full. The two hole momenta of the twelve types of [A^ + N^] = [Lh + L s ] = 2 excited 
energy eigenstates whose number and number deviation values are given in Tables ITlllIVI emerge in the c and/or si 
band under the ground-state - excited-state transitions. In the Lh = 2; L s = excited states the two hole momenta 
qj and qy belong to the c band. In the Lh — 0; L s = 2 states the two hole momenta qj and qy belong to the si 
band. In the Lh = 1;L S = 1 states the hole momenta qj and qy belong to the c and si band, respectively. At 
fixed values of the two hole momenta such twelve types of [Lh + L s ] = 2 energy eigenstates are directly related to 
the two 577(2) symmetry algebras in the 50(4) = [SU(2) ® SU(2)]/Z 2 symmetry of the ID Hubbard model global 
[50(4) ® U(l)]/Z 2 = SO(S) ® 50(3) ® 17(1) symmetry. 

Specifically, at fixed values of the two c band hole momenta qj and qji the four types of Lh = 2; L s = energy 
eigenstates refer to the three ry-spin-triplet excited energy eigenstates and the ?7-spin-singlet excited energy eigenstate. 
Within the present formulation, two 77-spin- 1/2 unbound 77-spinons emerge under the ground-state transition to the 
three 77-spin-triplet excited energy eigenstates. The three states are generated by ?7-spin flipping the two unbound 
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doublet 
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doublet 
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TABLE III: The number values of traditional antiholons N%, holons and ±1/2 spinons N 3 ^±i/2 of Ref. [4Q] and traditional 
±1/2 holons Lfe,±i/2 and ±1/2 spinons L s ,±i/2 of Refs. 0, S| for the same excited states as Table [TU Note that Lh = 
[Lh,+i/2 ± L h - 1/2 ], N s = [JV a>+ i/2 + N s -1/2], and L a = [i Sj+ i/ 2 + L s _ 1/2 ]. 

77-spinons. The same applies to the two 77-spin 1/2 holons emerging within the description of Refs. [4l| - |43l |. For the 
present formulation, under the transition from the ground state to the 77-spin-singlet excited energy eigenstate two 
anti-bound 77-spinons emerge within the 77-spin-singlet configuration of one two-?7-spinon composite 7/1 pseudofermion. 
Within the description of Refs. (UHII, two holons emerge in a ?7-spin-singlet configuration. Although the studies of 
such references have not explicitly considered the c hidden U(l) symmetry in [SO (4) ® f/(l)]/i?2 = 50(3) ® 50(3) ® 
(7(1), it was shown in the first paper that the BA solution used in the studies of these author does. Moreover, 
it is shown in that paper that the c band momentum occupancy configurations associated with changing the two 
hole momenta qj and qy generate representations of that hidden U(l) symmetry algebra. On the other hand, the 
above four types of energy eigenstates corresponding to fixed values of the two hole momenta qj and qj' refer to 
representations of the 77-spin SU{2) symmetry algebra. The two c pseudofermion holes emerging in the c band at the 
momenta qj and qj< follow from the annihilation of two ground-state c pseudofermions. 

On the other hand, at fixed values of the two si band hole momenta qj and qj/ the four types of Lh — 0; L s = 2 
energy eigenstates refer to the three spin-triplet and one spin-singlet excited energy eigenstates. Such four types 
of energy eigenstates correspond to spin SU(2) symmetry algebra representations. Within the present formulation, 
a ground-state spin- neutral spinon pair of one composite si pseudofermion is broken under the transition from the 
absolute ground state to any of the three spin-triplet excited states. This gives rise to the two spin-1/2 unbound 
spinons of such states. The three spin-triplet states are generated within the present formulation by spin flipping the 
two emerging spin-1/2 unbound spinons. In addition, two spin-neutral si pseudofermion holes emerge in the si band 
at the above momenta qj and qy . One of such holes follows from the annihilation of the si pseudofermion and the other 
results from the emergence of an extra discrete momentum value in the exotic si band. Within the description of Refs. 
[4lM43l ] . spin flipping the two emerging spin-1/2 traditional spinons also generates the three spin-triplet excited states. 
For the present formulation, under the transition from the ground state to the spin-singlet excited energy eigenstate 
four bound spin-1/2 spinons from two ground-state spin-singlet two-spinon composite si pseudofermions reorganize 
into a single spin-singlet four-spinon composite s2 pseudofermion. In the case of that excitation the two spin-neutral 
si pseudofermion holes emerging in the si band at the above momenta qj and qj> follow from the annihilation of 
the two si pseudofermions. Within the description of Refs. (4ll - [43| two traditional spinons emerge in a spin-singlet 
configuration. It is shown in the first paper that the si band momentum occupancy configurations associated with 
changing the two hole momenta qj and Qj/ generate extra spin-singlet SU (2) symmetry algebra representations. 

At fixed values of both the c band hole momentum qj and si band hole momentum , the remaining four types 
of Lh = 1;L S — 1 energy eigenstates refer to both the 77-spin and spin degrees of freedom. Indeed, they correspond 
to the choices <r n = ±1/2; <r s = ±1/2, a n = -1/2; ct, = ±1/2, a v = +l/2;a s = -1/2, and <r v = -l/2;a a = -1/2 
where a v and a s denote here the 77-spin projection and spin projection of the created traditional holon and spinon, 
respectively. Such 77-spin projections and spin projections are exactly the same as those of the unbound 77-spinon and 
unbound spinon, respectively, created under the ground-state - excited state transition within the present formulation. 
Moreover, the c band momentum occupancy configurations associated with changing the hole momentum qj generate 
representations of the c hidden U(l) symmetry algebra. The si band momentum occupancy configurations associated 
with changing the hole momentum qj> generate extra spin SU (2) symmetry algebra representations. The present four 
types of Lh = l',L s = 1 energy eigenstates are one-electron states. For further information on the c and si band 
processes involved within the present operator formulation in the ground-state transitions to such excited states, see 
Section V of the first paper. 
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TABLE IV: The values of the spin-projection a =t)4- electronic number deviations 5N a , scatter-less phase shifts and Q sl 
of Eq. dl6j) , and S v , S* 3 , S s , and 3 for each class of [N^ + N^] = 2 excited states of Tables [TT1 and [TTT1 



2. Relation to the half-filled reduced-subspace holon and spinon dressed phase shifts as defined in Ref. |42| | 

The phase shifts considered in Ref. f|2j are associated with transitions from the S v = 0; S s = 0; 2S C = N a absolute 
ground state to the twelve types of [N^ + N' c l ] = 2 excited states. In addition, they refer only to the two scatterers 
created under the transitions to the excited states. According to the results of Section TlVBl for such excited states 
the /3 = av 7^ si pseudofermions are invariant under both the electron - rotated-electron and fcrmion - pseudofermion 
unitary transformations. As a result, such objects are not scatterers. Hence for such excited states the only scatterers 
of the pseudofermion scattering theory are the c pseudofermions and corresponding holes and si pseudofermions and 
corresponding holes. 

The phase shifts generated by the transitions to the twelve types of [N' s \ + N[}} = 2 excitated states considered 
in Section 2 of Ref. [42j were obtained from the BA solution and are shown here to correspond to a particular 
limit of those studied in this paper. For the asymptote coordinate choice of Eq. (|44"1) . Qp{q) is the overall /3 
pseudofermion (or j3 pseudofermion-hole) phase shift. From analysis of Eqs. ([Tl"T) and ([TS]). within that choice 
2-7T ^p y pi(qj, qj>) is an elementary two-pseudofermion phase shift. The studies of this paper consider other asymptote 
coordinates, usually used in standard quantum non-relativistic scattering theory, such that x G [— L/2,+L/2] and 
thus 5fj (q) = Qfj{q)/2 is the overall j3 pseudofermion or j3 pseudofermion-hole phase shift and 7r <&p pt(qj,qji) is an 
elementary two-pseudofermion phase shift. However, the uniquely defined quantity is the corresponding dressed S 
matrix, as defined in this paper. 

The S v = 0; S s = 0; 2S C = N a absolute ground state occupancies are such that the c and si bands are full. Thus 
the P = c,sl Fermi-momentum values given in Eq. (|Al3j) read qFc — q c = tt and qFsi = qsi = tt/2. We start by 
providing the bare-momentum distribution-function deviations of the corresponding twelve classes of excited states 
whose number and number deviation values are given in Tables HTllIVl 

The three classes of 77-spin-triplet excited energy eigenstates have the same bare-momentum distribution function 
deviations given by, 

2lT 2 7T 7T 

SN c (q) - S (l -Qh)-^r- 5{q + 7T ) + ^-5(q~TT), \q h \ < n , 

h— 1 

SN sl (q) = 5{q + tt/2) - ^ S(q - tt/2) . (CI) 

The deviation SN s i(q) given here also applies to the ?y-spin-singlet excited states. On the other hand, for the c and 
77I branches the deviations read as follows for such states, 

2 

5N c {q) = -^Y j 5{q~q h )- SN nl (q) = ^S(q) . (C2) 

h—1 

The three classes of spin-triplet excitations have again the same bare-momentum distribution function deviations 



G5 



given by, 

SN e {q) = -^ 5 (9 + 7r ) + ^%-^)' 

SN sl (q) = ~ E S ^ - ^ + Wj iq + ^ + W 6(q ~ n/2) ' Whl ~ 71/2 ■ (C3) 
h— 1 

The deviation 5N c (q) given here also applies to the spin-singlet excited states. For the si and s2 branches the 
deviations of such states read, 

2 

§N sl (q)=-^-J25(q-q' h ), \q h \<7r/2; SN s2 (q) = ^-5(q) . (C4) 

h— 1 

The four classes of doublet excited states have the same bare-momentum distribution function deviations given by, 
SN c (q) = -^-S(q- qi )-^rS{q + 7r) + ^-S(q-7r), M < vr , 
6N sl (q) = -^-Jiq-q'J, \q\\<n/2. (C5) 

Although concerning the comparison with the phase shifts of Ref. [42j for the ?7-spin-triplet and 77-spin-singlet 
excited states (and spin-triplet and spin-singlet excited states) only the phase-shift functional Q c (q) (and Q s i(q)) is 
needed, in the following we provide the specific forms of both Q c (q) and Q s i(q) for all excited states. 

The use of Eqs. (fCl]) - (fC5]) in Eqs. (TTT]) and ([15]) for the overall phase shift leads to, 

2 

Qc(q) = 7T - E 2lT $ c, c (9, qh) + 7T $ C:C (g, vr) - vr $ C:C (g, -vr) - vr $ c>s i(g, tt/2) - vr $ c , s i(g, -tt/2) , (C6) 

h=l 

and 

2 

Q si (g) = tt -J2 2nq> siAl^h) +TT<i> shc (q,Tr) -7r$ s i jC (?,-7r) - 7r$ s i, s i(<?,7r/2) - 7r$ s i, s i(g, -tt/2) , (C7) 

h=l 

for the three classes of 7/-spin-triplet states, 

2 

QM = ~J2 2lT ® c > c ( q > ®J " n t/2) - t *c, a i(«, -tt/2) + 2vr $„ A (g, 0) , (C8) 

and 

2 

Q s i(q) = tt - 27r * s i,c(g, ?/,) - tt $ a i, a i(q, tt/2) - tt $ sM i(q, -tt/2) + 2vr $ s i,„i(g, 0) , (C9) 

for the ^-spin-singlet states, 
2 

g c (<7) = tt - E 27r $c, s i(g, g'/J + tt $ c ,c(q, it) - it $ c ,c(g, -vr) + tt $ c , al (g, tt/2) + tt $ c , s i(g, -tt/2) , (CIO) 

and 

2 

Q S l(g) = 7T - Y 27r «'/,) + * S l,c(g, TT) - 7T $ s l, c (g, -7r) + TT $ s l, s l(g, 7r/2) + TT $ s l, s l(g, -7r/2) , (Cll) 

for the three classes of spin-triplet states, 

2 

Qc(q) = vr - ^ 2vr $ C)S i(g, g'J + vr $^(3, vr) - vr $ C)C (g, -vr) + 2vr $ c , s2 (g, 0) , (C12) 

h=l 
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and 



Qsi(q) = -^27r$ 5 i, s i(g,g\)+7r$ s i, c (g,7r)-7r$ s i, c (g ) -7r)+27r$ s i, s2 (g ) 0), 



h=l 



(C13) 



for the spin-singlet states and, 



Qc(q) = 7T - 2tt$ C!C (<j, q x ) - 27r$ C!Sl (g,(j' 1 ) + Tr$ CyC (q, tt) - Tr$ CyC (q, -tt) , 



-2tt $ s i, c (g, qi) - 2tt $ s i, s i(g, + tt $ s i, c (g, tt) - tt $ s i, c (g, -tt) . 



(C14) 



for the four classes of doublet states. 

We recall that the expressions of the phase-shift functionals Qp{qj) where (3 = c, si given above for the reduced- 
subspace excited states refer to all corresponding N afi = [Np + Ng] pseudofermion and pseudofermion-hole scatterers. 
Indeed, the present formulation accounts for the scatterers that both are created under the transition from the ground 
state to the excited state and pre-exited in the ground state. 

On the other hand, the scattering theory of Ref. 42] is normal ordered relative to the initial S n =0;S S — 0; 2S C = N a 
absolute ground state, so that only the elementary objects that emerge under such a transition are accounted for. For 
both theories the elementary objects that emerge under such transitions play the role of scattering centers. Thus the 
phase shifts of the scattering theory of Ref. [42[ refer only to the specific /? band momentum values q in the argument 
of the phase-shift functionals Qf}{q) that refer to scattering centers. Obviously, in the phase shift Qp(q) of a given 
scatterer only the contribution from the interaction with the scattering center other than itself is finite. 

For instance, using of the explicit expressions of the two-pseudofermion phase shifts in those given in Eqs. (|C6jl - 
(|C14|) for Q c (q) and Q s i{q) and considering the values of the latter overall phase shifts at the specific momentum 
values q — qi and q = q\, respectively, of the elementary objects created under the transitions to the excited states 
we find, 



Q c ( qi )=27rB 



'4t(sinfci — sinfc 2 ) 



U 



for the fy-spm-triplct states, 



. , „ /2£(sinfci — sinfc 2 )\ / 
Qc(qi) = -2arctan(^ — i — +2itB[ 



4i(sinfci — sin^) 



for the 77-spin-singlet states, 



Q s i(q\) = -2-kB ( 



4t(A'x 



A' 2 ) 



U 



for the spin-triplet states, 



Q sl (q\) = 2arctan( V ^ ) 2ttB 



U 



U 



= SsT — 71" • 



U(k\ - A' 2 ) 
U 



= Scs 



= 6 



ss ■ 



(C15) 



(C16) 



(C17) 



(C18) 



for the spin-singlet states and, 



arctan^sinh^7r 



Qc(qi) 

Qsi(q'i) = arctanf sinhf 7T 



2t(sinA:i - A'i) 
U 

|-2t(A'i - sinfci) 
U 



— <5))S ■ 
= 3sri ■ 



(C19) 



for the doublet states. Here k x = k 2 = k°(q 2 ), A°(q) = sink°(q), A'i = A^j q'j), A' 2 = A° sl (q' 2 ), the rapidity 

functions k®(q) and A° 1 (g) are defined in terms of their inverse functions in Eq. (|A16|) of Appendix \K\ and the function 
B(r) is provided in Eq. (|B29|) of Appendix |B] 

To derive the m — > and n — > 1 phase-shift expressions given in Eqs. (1C15I) - (|C19[) we used Eqs. (IB3ip ~ (|B34|) of 
Appendix [Bj For the phase shift of the ry-spin-singlet (and spin-singlet) states we also used the solution A^i(0) = 
[A°(qx) + A° c (q 2 )}/2 (and A s2 (0) = [A° sl (q\) + A° sl (q' 2 )}/2) for the first (and second) equality of Eq. (55]) with v = 1 



(and v' = 2) in the first (and second) phase shift of Eq. (|57)) . 

By inspection of the above phase-shift expressions one indeed confirms that Q c (qi) as provided in Eqs. (|C15I) . (|C16I) . 
and (|C19I) equals 5qt, Scs ~ 7r i and S v s, respectively, with the corresponding phase shifts given in Ref. |42|. The 
phase shifts 5ct and Scs are provided in Eq. (5.19) and S v s in Eq. (5.21) of that reference. Moreover, the phase shift 
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Qsi(q'i) given in Eqs. (IC17I) . (|C18|) . and (|C19|) equals 5st — k, $S£h an d <^s^ respectively. In this case the phase shifts 
Sst and Sss are given in Eq. (5.20) and Ss v in Eq. (5.21)ofRef. [42[ . (For the phase shifts of the doublet excited states 
the confirmation of the above equalities involves the use of the relation arctan(sinh(7ra;)) = [2 arctan(exp(7r:r)) — 7r/2] 
for the branch for which these functions vary between —ir/2 and +ir/2.) 

Note that the above phase shifts 5cs and Sst read Q c {qi) + tt and Q s i(q'i) + tt whereas, according to the phase- 
shift definition of Eq. (|44l) . the corresponding c pseudofermion-hole phase shifts are given by Q c {li) and <5si(<?'i), 
respectively. The studies of Ref. [42| used the method of Ref. [53| to evaluate the above phase shifts. That method 
provides the phase shifts up to an overall constant term. In contrast, our method provides the full corresponding 
pseudofermion-hole phase shift value. 

Hence we have just confirmed that in the reduced subspace spanned by the twelve types of [JV^ + N^} = 2 excited 
states of the S v = 0; S s = 0; 2S C = N a and [iVj\ + Nj}] = absolute ground state the dressed phase shifts extracted in 
Ref. [42| from the BA solution, which in that reference were identified with the holon scatterer and spinon scatterer 
as defined in it, equal the c pseudofermion-hole and si pseudofermion-hole phase shifts, respectively. (Except for 7r 
in the case of some phase shifts.) Furthermore, we have shown that the phase shifts of Refs. [13, EH are particular 
cases of the c and si pseudofermion overall phase-shift functional Qp{q) defined by Eq. (fT5|) . 

3. Phase shifts of simple one- and two-electron excited states of ground states with arbitrary densities 

Here we provide the values of the phase shift functionals Q c (q) and Q s i(q) of Eq. (fl"5"]) for some classes of one- and 
two-electron excited states of an initial ground state with densities in the ranges n € [0, 1] and me [0, n]. Our choice 
of state classes is such that for m — > the phase shifts considered in Ref. 40J are particular cases of such c or si 
phase shift functionals. (The phase shifts of Ref. refer to electronic densities n £ [0, 1] and zero spin density.) 

Within the rotated-electron operational description introduced in the first paper, the lower-Hubbard-band (LHB) 
and upper-Hubbard-band (UHB) are well-defined concepts. Specifically, the LHB is generated by transitions from a 
n < 1 (and n > 1) ground state to excited energy eigenstates with no rotated-electron doubly occupied sites, so that 
Mr). -1/2 — (and no rotated-electron unoccupied sites, so that M v ,+1/2 = 0). For an initial n = 1 ground state such 
transitions do not exist. The UHB is generated by transitions from n < 1 (and n > 1) ground states to excited energy 
eigenstates with M n ^i/2 > rotated-electron doubly occupied sites (and M^ !+1 / 2 > rotated-electron unoccupied 
sites). For one-electron (and two-electron) excited states of n < 1 ground states, the spectral weight generated by 
transitions to excited energy eigenstates with two (and three) rotated-electron doubly occupied sites is very small. 
The same applies to the spectral weight generated by transitions from n > 1 ground states to one-electron (and 
two-electron) excited energy eigenstates with two (and three) rotated-electron unoccupied sites. 

Moreover, for finite spin densities m > (and m < 0) one considers the upper-spin-band (USB). It is generated 
by transitions from m > (and m < 0) ground states to excited energy eigenstates with [M s _i/ 2 — N s -\] > (and 
with [M s +1 /2 — N s i] > 0). Indeed, for finite spin density the energy spectrum of these excited states is gapped. For 
instance, for m > the minimum magnitude of such a gap is loq, Eq. ([6]), for D r = and S r given in Eq. (|A19|1 of 
Appendix [X] 

Our analysis involves excited states of ground states with densities in the ranges n & [0,1] and m G [0,n]. We 
call LHB states the excited states for which M v .-i/2 = and [M s .-1/2 — N s i] = 0, UHB states those for which 
M v -!/2 = 1,2 and [M s _ 1/2 - N sl ] = 0, and USB states those for which M^_i/ 2 = and [M S) _i/ 2 - N sl ] = 1, 2. We 
recall that M Vi _i/2 — 1 corresponds to either iV^i = 1 and M™^^ — or iV^i = and M^l^ = Furthermore, 
[Ms-,-1/2 - N sl ] = 1 implies that either N s2 = 1 and M™ 1/2 = or N s2 = and M"" 1/2 = 1. The M„ _ 1/2 = 2 
(and [M s _i/2 - N sl ] = 2) excited states considered below have M^ n _ 1/2 = 2 (and [M"" 1/2 ~ N si] = 2 )- Tne use 01 
the PDT reveals that for initial ground states with densities in the ranges n G [0, 1] and m £ [0, n] only such classes 
of states contribute significantly to the one- and two-electron spectral weights. 

Specifically, the deviation and number values relative to the numbers of such initial ground states of the correspond- 
ing twenty six classes (a)-(z) of excited states that are behind nearly all one- and two-electron spectral weights are 
given in Table fVl As indicated in that table legend, the states classifications LHB, USB, and UHB refer to electronic 
densities and spin densities obeying the inequalities n < 1 and m > 0, respectively. On the other hand, in the 
spin-density m — > limit the otherwise USB gapped excited states (h), (i), (j), (q), (u), (w), and (x) become for 
electronic densities n < 1 LHB gapless states. Moreover, relative to the zero-energy level of an initial (/1 + /j°) > 
and n = 1 ground state, the LHB excited states (b), (s), and (v) become gapped UHB states and the USB excited 
states (t), (u), and (x) become UHB + USB states. Finally, relative to the zero-energy level of an initial /j, = /j? and 
n = l ground state the gapped UHB excited states (d), (k), (m), and (r) become LHB gapless states. The gapless 
charge (and spin) gapless excited states (a) (and (f)) are generated by a single particle - hole process in the c (and 
si) momentum band. They do not exist at n = 1 (and m = 0) because the c (and si) momentum band is full for the 
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TABLE V: The number deviations and numbers of twenty six types (a)-(z) of one- and two-electron excited states of a ground 
state with densities in the ranges n £ [0, 1] and m £ [0, n\. Excited states marked with (1) have SS V < (and marked with (0) 
have SS S < 0) and do not exist for an initial n = 1 (and m = 0) ground state. The excited states marked with (*) are outside 
the LWS BA solution subspace. The states classifications LHB, USB, and UHB refer to electronic densities and spin densities 
obeying the inequalities n < 1 and m > 0, respectively. 



initial ground state. 

Concerning the relative spectral weights generated by transitions to the excited states of Table |Vj we briefly report 
results for the one-electron weight for initial ground states with zero spin density. For instance, in the m — > limit 
about 94% of the one-electron LHB addition spectral weight results for electronic densities n < 1 from transitions to 
the classes of excited states (k) and (n) (5o| . They correspond to creation of one spin- up and one spin-down electron, 
respectively. In that limit such processes generate exactly the same weight. In the limit of zero spin density, most 
of the remaining one-electron LHB addition spectral weight stems from transitions to the excited states (w) and a 
corresponding excited-state branch generated by addition of one s2 pseudofermion to the excited states (q) 56] . 

In what the one-electron UHB addition is concerned there are in the m — > limit two cases. When the initial 
ground state has electronic density n = 1 nearly the whole one-electron UHB addition spectral weight stems from 
transitions to the excited states (m) and (r) [56j . Such transitions involve creation of one spin- up and one spin-down 
electron, respectively. In turn, when the initial ground state has electronic density n < 1 nearly the whole one-electron 
UHB addition spectral weight stems from transitions to the excited state (1) and a corresponding excited-state branch 
generated by addition of one 77L pseudofermion to the excited states (q) [56j . 

On the other hand, in the m —¥ limit, about 97% of the one-electron removal spectral weight is generated by 
transitions to the classes of excited states (u) and (v) (56j . Such transitions lead to annihilation of one spin- up and one 
spin-down electron, respectively. Most of the remaining one-electron removal spectral weight stems from transitions 
to the excited states (x) and a corresponding excited-state branch generated by addition of one s2 pseudofermion to 
the excited states (u) |5q |. 

For simplicity, we consider the specific form of the general phase-shift functional of Eq. (fl5|) of the j3 = c, si 
branches for only eight of the twenty six excited-state classes of Table IVl Those of the excited states (a), (e), (g)-(j), 
(k), and (v) of such a table. Our exited-state classes choice criterion is that in the m —¥ limit some of their (3 = c, si 
phase shifts correspond to those studied in Ref. for the electronic density range n G [0, 1] and zero spin density, 
m = 0. 
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We start by providing the f3 band momentum distribution function deviations, Eq. (fT2")l , of such eight classes 
of excited states of ground states with density ranges n £ [0,1] and m G [0, n]. Those are needed for evaluating 
the expressions of the general (3 = c, si phase-shift functional of Eq. f(T5|) specific to such excited states. The 
corresponding m — > expressions are obtained by replacing k F ± by k F in the phase-shift functionals expressions given 
in the following. For each class of excited states, we provide the /3 band momentum distribution function deviations 
of the P branches with finite occupancy in such states. All have finite occupancy in the c and si bands. Some of such 
states have one s2 pseudofermion or one r\\ pseudofermion. 

For the class of gapless LHB charge excited states (a) such bare-momentum distribution function deviations are 
given by, 

SN c (q) = ^-5(q-q 1 )-^-S(q-q' 1 ), 

qi e [— 7T, — 2k F ] and q\ € [2k F , it] , q[ G [— 2k F , 2k F ] , 
SN sl {q) = 0. (C20) 

For the class of gapped charge excited states (e) they read, 

2tt 2 

6N c (q) = -—^(q-qh), q h G [-2k F , 2k F ] , 



SN sl (q) = -^-5( q + k Fl )--^-6{q-k Fl ), 



6N vl (q) = ^S(q[), q' 1 e[-(7r-2k F ),(7T-2k F )]. (C21) 



The three classes of LHB spin excited states (g) and USB spin excited states (h) and (i) have the same momentum 
distribution function deviations, given by, 

SN c (q) = -^-S( q + 2k F ) + ^-S(q-2k F ), 

2 2 

SN sl (q) = -— £ S(q - q' h ) + ^-J(q + k Fi ) + W J(Q- k n) > l'h e 1-kFU k Fi ] . (C22) 

h— 1 

The deviation SN c (q) provided here also applies to the USB spin excited states (j). For the si and s2 branches the 
momentum distribution function deviations of the latter excited states read, 

9 

2tt 2tt 
6N sl (q) = -— q' h G [-k n , k n ] ; SN s2 (q) = — 5(q'{) , q'{ G [-(fe n - k n ), (fc n - k n )] . (C23) 

l ' 

For the LHB addition of one up-spin electron excited states (k) the momentum distribution function deviations are 
given by, 

27T 

6N c (q) = —6(q~ qi ), q% G [~it, —2k F ] and 31 G [2fcp, it] , 

5N sl (q) = % - q\) + ^~J(l + k Fi ) + S(q - k Fl ) , q\ G [-fc n , +A; Fi ] , (C24) 

Finally, for the class of LHB excited states (v) involving the removal of one down-spin electron the momentum 
distribution function deviations read, 

SN c (q) = -^-6(q- qi )-y6(qT2k F ) + ^-6(q±2k F ), qi G [ 2k F} J r2k F ] 
2ir 

SN tl (q) = -—Siq-q',), q\ G [-k n , +k F ±] . (C25) 

The classes of excited states (a), (e), (g)-(j), (k), and (v) have expressions for the general phase-shift functional of 
Eq. (1151) for the ft = c, si branches that are uniquely defined by the corresponding momentum distribution function 
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deviations provided in Eqs. (|C20[) - (|C25|) . For the class of LHB gapless charge excited states (a) with momentum 
distribution function deviations provided in Eq. (|C20|) that functional is for such two branches given by, 

Q c (q) = 2TT$ c , c (q,q 1 )-2Tr$ c , c (q,q' 1 ), 

Q sl (q) = 2 7 r$ sl , c (g,g 1 )-27r$ sl)C (g,gi)- (C26) 

For the class of UHB gapped charge excited states (e) whose momentum distribution function deviations are given in 
Eq. (|C2T|) , they read, 

2 

Qc(q) = - ^ 27T$ c , c (g, q h ) - Tr<f> c>s i(q, kpi) - 7r$ c , s i(g, -fc F j.) + 2tt ^> c . n i(q, q^) , 

h=l 

2 

Qsi(q) = n-^2n^ s i, c (q,q h )-7T^ s i, s i(q,kF^)-TT^ s i, s i(q,-k Fi .)+2TT^ s i, v i(q,q' 1 ). (C27) 

h=l 

For the three classes of LHB spin excited states (g) and USB spin excited states (h) and (i) whose momentum 
distribution function deviations are provided in Eq. (IC22I) the expressions are, 

2 

Q c (q) = TT - ^2 2n $ c,sl(<7, l'h) + 7T *c : c(g, 2k F ) - TT $ c , c (g, ~2k F ) + TT $c,sl(?, &F4.) + 7T $c,sl(g, ^FJ.) , 
2 

Q s i(g) = 7T -^27r$ sM i(g,g' h )+7r$ s i, c (g,2fc F ) - tt $ s i, c (g, -2fc F ) + tt $ c , s i(g, fc F J + tt $ s i, s i(q, ~k Fi \C28) 

h=l 

For the USB spin excited states (j) whose momentum distribution function deviations are given both in Eqs. (|C22[) 
and (|C23|) the phase-shift functional of Eq. ([15)) reads for the /3 = c, si branches, 

2 

Q c (q) = tt - 27r *c,«i (g. + T $c,c(<?, 2fc F ) - tt $ c , c (g, -2fc F ) + 2tt <J> c , s2 (<?, g" ) , 

2 

Q sl (g) = -^27r$ sl , sl ( (Z ,g , , l )+7r$ sl!C (g,2fc F )-^$ s i, c ( ( z,-2fc F ) + 2^$ sl , s2 (( Z ,^')- (C29) 

h—l 

For the addition of one up-spin electron LHB excited states (k) with momentum distribution function deviations 
provided in Eq. (|C24[> the result is, 

Q c (q) = 27r$ c , c (g,gi) - 2tt $ c , s i(g, g'J + tt $ c , s i(g, -k n ) + tt $ c , s i{q, +k Fi ) , 
Qsi(q) = n + 2n$ sl Aq, qi ) - 2n<P sl . sl (q,q\) + TT<P sl . sl ( qi -k Fl ) + TT<S> shsl {q,+k Fi ) . (C30) 

Finally, for the class of LHB excited states (v) involving the removal of one down-spin electron whose momentum 
distribution function deviations are given in Eq. (|C25|) the branches j5 — c, si the phase-shift functionals are given 
by, 

Qc(q) = tt 2tt $ c , c (g, qi)-7T $ C:C (g, T2fc F ) + tt $ C:C (g, ±2fc F ) - 2tt $ c , s i(g, q\) , 
Qsi(q) = -2n^ shc (q,q 1 )-TT^ shc (q,^2k F ) + Tr^ 8hc (q,±2k F )-2TT^ sl>sl (q,q' 1 ). (C31) 

The expressions of the phase-shift functionals Qp(q) where j3 = c, si given above for the excited states (a), (e), (g)- 
(j), (k), and (v) of Table [Vl also apply to the corresponding discrete momentum values, upon replacing the continuum 
momentum variable q by qj. The /3 band has a set {qj} of discrete momentum values, j — l,...,N a „, such that 
qj+i — qj = 2%/N a . Such phase shifts are those of the excited-state Np (3 pseudofcrmion scatterers that carry Np 
of the Nap = [Np + Np] j3 band discrete momentum values qj and Njj f3 pseudofermion-hole scatterers that carry 
the remaining Np discrete momentum values qj of the (3 band. Such phase shifts are due to the transition from 
the ground state to the excited state under consideration. Hence the phase shift Qp{qj) refers to all excited-state 
N aj3 — [Np + Np] scatterers. As discussed in Section IVI C[ that the present formulation accounts for the scatterers 
that both are created under the transition from the ground state to the excited state and pre-exit in the ground state 
is for the present metallic phase a necessary condition for its applicability to the study of the model dynamical and 
spectral properties. 
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On the other hand and alike for the scattering theory of Ref. [42[ , for that of Ref. [4(| the few scatterers emerge 
under the transition from the ground state to the excited state. Indeed, such theories arc normal-ordered relative to 
the initial ground state. For instance, the holon and antiholon phase shifts of Ref. [40] due to the interaction with 
the antiholon and the holon, respectively, are the phase shift Q c (q) at q = qi and q — q[, respectively, given in Eq. 
(|C26|) asm^O for the class of gapless charge excited states (a) , 

Q c (qi) = -2ir$ c , c (q 1 ,q' 1 ); Q c (q[) = 2tt $ c , c (^, q x ) , (C32) 

where we have accounted for once more that both 2-7T 4> CiC (gi, q\) = and 2n& c ^ c (q' 1 ,q' 1 ) — 0. Moreover, the holon 
- holon phase shift of Ref. [40] is the phase shift Q c (q) at q = q% provided in Eq. (|C27I) as m — > for the class of 
gapped charge excited states (e), 

Qc{qi) = -27r$ c , c (gi,g 2 ) - Tr^ c>s i(qi,k F ) - 7T$ c , s i(gi, -k F ) + 2tc $ c ,r,i(q, q[) , (C33) 

where again we used that 2tt $> CjC (qi, q\) = 0. (A phase shift with exactly the same information is obtained from that 
given here by introducing the changes q\ — > qi and qi — > q%.) The phase shift for the spinons of Ref. floj in the 
spin-triplet excited states is the phase shift Q s i(q) at q = q\ given in Eq. (|C28j) as m — > for the three classes of 
spin excitations (g), (h), and (i), 

Qsl(q\) = TT-2n$ shsl {q\,q' 2 )+n<£ sl . c (q\,2k F )-n$ shc (q\,-2k F )+n (C34) 

where we have accounted for that 27r$ s i iS i(g' 1 , q\) = 0. The scattering dressed phase shift for the spinons of Ref. 
poj in the spin-singlet excited states is the phase shift Q s i{q) at q = q\ given in Eq. ()C29|) as m — !• for the class of 
spin excitations (j), 

Qsi{q\) = -2tt $si,si(q'i> q'2) + * ®si,c(q'v 2k F) ~ t $ s i,c(g'i, -2fc F ) + 2tt Qsi^iq'x, 0) , (C35) 

where again we used that 27r$ s i. s i(g' 1 , q\) = and that for m — > the s2 band momentum range q" S [— (k F f — 
kpi), (kp^ — kpi)} of Eq. (|C23I) shrinks to the a single value, q'{ = 0, for the excited states. (Again phase shifts with 
exactly the same information as those of Eqs. (|C34|) and (|C35|) are obtained from their expressions provided in such 
equations by introducing the changes q\ — » q' 2 and q' 2 — > q\-) The phase shifts of Ref. [4(| for the antiholon and the 
spinon due to the interaction with the spinon and the antiholon, respectively, are the phase shifts Q c {q) at q = q% and 
Q s i(q) at q = q' 1: respectively, given in Eq. (|C30|) as m — > for the class of excited states (k) involving the addition 
of one up-spin electron, 

Qc{qi) = ^TT^c^qx,^^ +TT^ CiSl (q 1 ,-kp) + 7T^ cM (qi,+k F ) , 
Q s i(q\) - n + 2%$ sl>c (q\,q 1 )+%$ sl>sl (q' 1 ,-k F )+Tr$ s i >s i(q' 1 ,+kF), (C36) 

where we have accounted for that 2n $ CyC (qi,qi) = and 2n ^ s i iS i(q' 1 , q\) = 0. The phase shifts of Ref. for the 
holon and the spinon due to the interaction with the spinon and the holon, respectively, are the phase shifts Q c (q) at 
q = qi and Q s i(q) at q = q\, respectively, given in Eq. (|C31|) asm->0 for the class of excited states (v) involving 
the removal of one down-spin electron, 

Qc(qi) = -n $ c , c (qi,T2k F ) +7r$ c , c (?i,±2fcir) - 27r$ c , s i(gi, g' x ) , 
Q.i(g'i) = -2n$ shc (q\,qi)-7r$ shc (q\,T2k F )+Tr<Z> s i, c (q' 1 ,±2k F ), (C37) 

where we have accounted for that 2ir <I> CiC (gi, qi) = and 27r$ s i. s i(g' 1 , q\) = 0. 

In order to confirm that the c and si phase shifts given in Eqs. (|C32[) - ([C37[) indeed correspond to the phase shifts 
of Ref. [13] indicated above, we have used procedures similar to those presented in detail in Section IC 2[ concerning 
the relation of the two-pseudofermion phase shifts to the n = 1 and m = phase shifts of Ref. [42j ■ Such procedures 
involve manipulations of the general relation given in Eq. (|14p and integral equations for the two-pseudofermion phase 
shifts 7r $>/3,i3' (r, r') on the right-hand side of that equation provided in Eqs. (|B18|) - (IB30|) of Appendix IB1 for electronic 
density n S [0, 1] and spin density m — > 0. For the (3 = c, si and f3' = c, si BA branches that includes the expression 
of the phase shifts tt <tp^i(r, r') — tt ^^^'(A/u, A'/u) in terms of the variables A such that, 

k = arcsin A = arcsin (r u) € [— tt, n] , /3 = c , 

A = rue [-00,00] , p = sl. (C38) 

Here k and A are the continuum variables associated with the ground-state set of c momentum-rapidity values 
kj = k®{q,j) where j = l,...,N a and discrete si rapidity values Aj = A° 1 (g J ), where j = 1, ...,N^ for m G (0,n) 
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and j = 1,...,N for m — 0, respectively. Such sets of discrete values are uniquely defined by the rapidity functions 
Ag(q^) appearing in Eq. (j 14[) . where A^q^) = sin kj = s\nk®(qj) for /3 — c. They are defined in terms of their inverse 
functions in Eq. (|A14j) of Appendix lAl For ground states with densities in the ranges n € (0, 1) and me (0,n), N 
and [N a — N] discrete c momentum-rapidity values kj are occupied and unoccupied and N± and [Nf — N±] discrete si 
rapidity values Aj are occupied and unoccupied, respectively. For a zero-spin-density ground state all N si rapidity 
values Aj are occupied. 

In terms of the corresponding c rapidity-momentum continuum variable k one has for the ground state an occupied 
range k e (-Q, Q) and unoccupied ranges k e (— 7T, —Q) and k € (Q, n). For the si rapidity continuum variable A the 
ground-state occupied range is A e (-B, B) and unoccupied ranges are A e (— oo, —B) and A £ (B, oo). Here Q and 
i? are the parameters defined in Eq. (|A15p of Appendix [AJ with B — > oo for the zero-spin-density limit considered in 
Ref. [H. 

Appendix D: Role of the excited energy eigenstates degeneracy in the definition of the traditional spinon and 

holon descriptions subspaces 

In this appendix we provide some further information on the the role of the degeneracy of the excited energy 
eigenstates in the definition of the subspaces where the traditional spinon and holon descriptions of Ref. and 
Refs. [U [42| are defined. For simplicity, we consider in general only the case of the traditional spinon and holon 
scattering theory of Refs. [Il], |42j. The arguments concerning the spinon sector of the scattering theory of Ref. 
are exactly the same. 

For any scattering theory, both the one-particle states belonging to the "in" and "out" state are the "in" and "out" 
asymptote scattering states. Such asymptote scattering states must have a well-defined energy. In the context of 
the ID Hubbard model scattering theories associated with the BA dressed phase shifts and dressed S matrices, such 
states must be energy eigenstates. If one extends the traditional holons and spinons as defined in Refs. [4l| - |43j to PSs 
other than that of the initial S v = 0; S s = 0; 2S C = N a absolute ground state, some of the excited states associated 
with the corresponding one-particle scattering states become a superposition of energy eigenstates of different energy. 
Thus such excited states have not a well-defined energy, so that the corresponding scattering theory is not physically 
acceptable. The occurrence or lack of excited energy eigenstates degeneracy then plays the main role in the definition 
of the subspaces where it is possible to introduce multiple choices or a single choice, respectively, of scattering states 
and corresponding elementary objects that play the role of scatterers and scattering centers. 

If alike in Refs. [4j], E3 for the specific PS of the S n = 0; S s = 0; 2S C = N a absolute ground state, for PSs of 
ground states with densities in the ranges n £ [0,1] and m € [0,n] one identifies the holes in the BA c and si 
momentum bands with Ty-spin-1/2 holons and spin-1/2 spinons, respectivey, those are not mere excitations of such 
ground states. Indeed, for such densities the ground state itself has a finite number of BA c and si band momentum 
holes, — [N a — N] and = [N-f — iVJ, respectively. Hence the initial ground state itself would be populated 
by a finite number, L° = [N a — N] and LP S — [N^ — N±], of traditional holons and spinons, respectively. The relevant 
parameters for the elementary objects description then are the corresponding number deviations, SL^ — [Lh — L2] 
and 6L S = [L s — L°], which refer to the excited states of the initial ground state. 

Let us assume that for the excited energy eigenstates that span the PSs of initial ground states with arbitrary 
densities n and m the BA c and si band momentum holes indeed refer to traditional ?7-spin-l/2 holons and traditional 
spin-1/2 spinons, respectively. For each PS, one can again consider a smaller reduced subspace contained in it, which is 
spanned by twelve types of [SLh+SL s ] = 2 excited energy eigenstates. For the initial ground states under consideration 
there are many more classes of excited states, as for instance those whose number and number deviations are given in 
TablelVlof AppendixICl For simplicity, we limit our considerations to [SLh + SL s ] — 2 excited energy eigenstates, which 
are those that in the n — > 1; m — > limit evolve into the excited energy eigenstates that span the reduced-subspace of 
the S n = 0; S s = 0; 2S C = N a absolute ground state. Within the states of Table IVl of Appendix [Cl the [6Lh + SL S ] = 2 
excited energy eigenstates are the 77-spinon and 77I states (b)-(e), spinon and s2 states (g)-(j), and one-electron states 
(m) and (v). Consistent with the definition of the and L s numbers, for such excited states one has that 5Lh = 6N^ 
and 6L S = 2N s2 or SL S = [6M™ 1/2 + 5M^ n +1/2 ] provided that both <5M™ 1/2 > and 6M™ 1/2 > 0. 

Alike in Section fVIBI for the excited states of the S v = 0; S s = 0; 2S C = N a absolute ground state, we denote the 
corresponding two sets of four holon-holon states (a = 77) and four spinon-spinon states (a = s) by | + 1/2, +1/2; a), 
I - 1/2, -1/2; a), | + 1/2, -1/2; a), and | - 1/2, +1/2; a). The two //-spin (a = i]) and spin (a = s) projections ±1/2 
labeling these states are those of the two traditional holons and spinons, respectively, created under the transition 
to the excited state. Furthermore, we denote the four types of excited 77-spinon and 77I energy eigenstates (b)-(e) 
(and the four types of excited spinon and s2 energy eigenstates (g)-(j)) of Table IVl of Appendix [Cl which are needed 
to express the four holon-holon states (and four spinon-spinon states), by |c, c; +1), |c, c; 0), |c, c; —1), and |c, c, 77I; 0) 
(and |sl,sl;+l), |sl,sl;0), |sl, si; — 1), and |sl, si, s2; 0).) The index with values 0, ±1 of these states refers now to 
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their value of the deviation (and SS* 3 ). 

The main difference relative to the corresponding excited states of the S v — 0; S s — 0; 2S C — N a absolute ground 
state stems from the states (e), |c, c, 77I; 0), and (j), |sl, si, s2; 0), of Table fVl of Appendix For the corresponding- 
excited energy eigenstates of the absolute ground state, one has that the rjl and s2 momentum bands of the two- 
77-spinon composite rjl pseudofermion and four-spinon composite s2 pseudofermion of such states, respectively, has 
a single discrete momentum value, which is q — 0. Furthermore, the corresponding energy £^(0) = and and 
e° s2 (0) — given in Eqs. (|A20|) and (|A21|) of Appendix IA1 vanishes at n = 1 at m = 0, respectively. Hence the 
two energy eigenstates |c,e;0) and \c, c, rjl; 0} (and |sl,sl;0) and \sl, si, s2; 0)) with the same c (and si) band hole 
momentum values qj and qy involved in the expressions of Eq. (|93[) have exactly the same energy. Specifically, their 
energy spectrum is of the form, 

8E CtC . = 5E CtCiV i. = 2fi° - e c (q) - s c (q') , q, q' G [-7t,7t] , n = l,m = 0, 
SE s i tS i ;0 = SE sliSliV i. t0 = -e sl {q) - e s i(q') , q, q' G [— tt/2, vr/2] , n = l,m = 0, (Dl) 

where 2/i° denotes the Mott- Hubbard gap, which has the limiting behaviors given in Eq. (|3"51) . and the c and si 
energy dispersions are defined in Eqs. (|A20I) and (IA21[) of Appendix [AJ It follows that the corresponding holon-holon 
and spinon-spinon scattering states, 

I ± 1/2, qFl/2; 17) = -^=[|c,c;0>T|c,c,?7l;0) 

I ± 1/2, T l/2; s) = i= [|sl, si; 0) T si, s2; 0)] , (D2) 

respectively, are energy eigenstates of the ID Hubbard model whose excitation energies are those given in Eq. (|D1[) . 

On the other hand, besides the fixed values of the two c (and si) band hole momenta qj and qy , for initial ground 
states with electronic density n / 1 (and spin density m 7^ 0) the excited states (e), |c, c, 77I; 0), (and (j), |sl, si, s2; 0),) 
of Table |V] of Appendix [C] involve a third momentum qy; : That of the 77I pseudofermion (and s2 pseudofermion) 
created under the transition to the excited state. Indeed, for electronic densities in the range n £ [0, 1] (and spin 
densities in the range m € [0, n]) the ground-state rjl (and s2) momentum band is empty, yet has a finite momentum 
range width, q £ [—(it — 2kp), (n — 2kp)] (and q £ [—(kjr^ — kp±), (fcj?-f- — fepj,)]-) The energy spectra of the excited 
energy eigenstates |c, c; 0) and |c, c, r]l;0) now read, 

SE C , C . = 2\n\ - e c (q) - e c (q') , 
5E CiCM . fl = 2\ fJ ,\-s c (q)-e c (q')+s° 7ll (q"), 

q,q' G [-2fc F ,2fc F ], q" G [-(tt - 2fc F ), (tt - 2fc F )] . (D3) 

Corresponding similar expressions hold for the energy spectra of the excited energy eigenstates |sl,sl;0) and 
|«MM2;0), 

SE slySl . = 2fi B \H\ - e sl (q) - e s x(q') , 

<yj5ri,«i,,ijo = 2^ |fT| -e a i(g) -e a i(g') + 4> (O . 

g, (?' G [-k Fl ,k Fl ], q" E [-{k Ft - k Fl ),(k Ft - k Fi )} . (D4) 

That for electronic densities n < 1 (and finite spin densities m > 0) the 77I (and s2) pseudofermion energy is such 
that the excited energy eigenstates |c, c; 0) and |c, c, 77I; 0) (and | si, si; 0) and |sl, si, s2; 0)) in the expressions provided 
in Eq. (|D2[) for the holon-holon (and spinon-spinon) states have for qy 7^ ±(n — 2k F ) (and qy 7^ ±(fc F | — fc F i)) 
different energy implies that they are not energy eigenstates. Since they have not a well defined energy, such states 
cannot play the role of asymptotic scattering states. 

The exception refers to the 77I (and s2) band limiting momentum values qj" = ±(7r — 2fc F ) (and qj" — ±(k F ^ — k F ±)) 
at whic h e° 1 (±(7r— 2fc F )) = (and £° 2 (±(fc F -|- — fc F j_)) = 0.) For all other qj" values in the range [— (tt — 2fc F ), (tt — 2k F )] 
of Eq. (|D3|) (and [— (fc F ^ — fc F j,), (fc F -f- — fc F j_)] of Eq. (|D4[) ). the magnitude of the rjl pseudofermion energy e v \(qyi) 
(and s2 pseudofermion energy £ S 2(c[j")) appearing in the energy spectrum §E CtC<ri i-fi given in Eq. (|D3|) (and energy 
spectrum 6E s i yS i yS 2- t o given in Eq. (|D4[1 ) is such that the states |c, c; 0) and |c, c, 77I ; 0) (and the states |sl,sl;0) and 
|sl, si, s2; 0)) have different energies. 

In the n — > 1 limit the energy of the holon-holon states given in Eq. (|D2[) becomes well defined. Indeed, in that 
limit the rjl band momentum range q'{ G [— (tt — 2fc F ), (7r — 2fc F )] of Eq. (|D3|) . which is that of the 77I momentum 
distribution function deviation in Eq. (IC21I) of Appendix [C] for the class of gapped charge excited states (e) of Table 
[V]of that appendix, |c, c, 77I; 0), shrinks to q'{ = 0. This restores the energy degeneracy of the states (c) and (e) of 
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Table [V] \c, c;0) and |c, c, 77I; 0} , respectively. A similar behavior occurs in the m — > limit concerning the energy 
of the spinon-spinon states of Eq. (ID2[) . which becomes well defined. In that limit the s2 band momentum range 
q'i G [— (fcir-f — A;f^), (&ft — ^4.)] m Eq. (|D4|) and in the s2 momentum distribution function deviation of Eq. ()C23j) 
of Appendix [Cl for the class of the USB spin excited states (j) of Table IVl of that appendix, \sl, si, s2; 0), also shrinks 
to q" — 0. This restores the energy degeneracy of the states (h) and (j) of Table IVl |sl,sl;0) and |sl, si, s2; 0), 
respectively. Specifically, in the n — > 1; m — > limit the energy spectra provided in Eqs. (ID3[) and (|D4[) become those 
given in Eq. (|D1|) . 

Thus only when the excited energy eigenstates degeneracy is brought about by the rjl (and s2) band momentum 
range of the excited states (e) (and (j)) of Table fVl of Appendix [Cl shrinking to zero momentum, have the holon-holon 
states (and spinon-spinon states) given in Eq. (|D2|) a well-defined energy. Only in that case such holon-holon states 
(and spinon-spinon states) become asymptotic scattering states of the theory of Refs. [U, [42j. The same arguments 
apply to the spin-spin states of the scattering theory of Ref. ■ The only difference is that such a theory is valid for 
excited states of ground states with zero spin density and electronic densities in the range n € [0, 1], so that the si 
band momentum range q,q' e [— 7r/2,7r/2] in Eq. (|D1[) for the momentum values of the two emerging holes changes 
to q, q' £ [—kF, &f]- 

Similar degeneracies occur for u > in the N a — > 00 limit for excited energy eigenstates whose occupancies of the 
r\v bands (and sv bands of sv pseudofermions with v > 1 bound spinon pairs) are such that Vl .— i N^/Na — > (and 
Y^ =2 N sv /N a — > 0) as N a —> 00. The traditional holon and spinon scattering theories of Ref. .40] and Refs. [4lL l42l| 
are valid for such excited states provided that the corresponding initial ground state has densities n = 1 ; m — and 
n e [0, 1]; m = 0, respectively. 

Finally, we consider the u — > 00 limit, in which the full degeneracy of both ry-spin and spin configurations brings 
about a qualitatively different situation. Indeed, that degeneracy renders the holon and spinon scattering theories 
as defined in Ref. [10] and Refs. [4H - I43I ] well defined in the subspaces spanned by excited states of ground states 
with both arbitrary electronic density n and spin density m. We recall that for the pseudofcrmion scattering theory 
this holds for all u > values. For the other scattering theories this u — > 00 behavior follows from the energy 
bandwidths of the energy dispersions e° av (q) given in Eqs. (|A20I) and (|A21[) of Appendix |A1 vanishing for all a = 77, s 
and v = 1, ...,00 branches as u — > 00. Thus in that ver y sp ecial limit the pseudofermion scattering theory and the 
traditional holon and spinon scattering theories of Refs. |40l442l | are alternative distinct theories for the excited states 
of ground states with arbitrary electronic density and spin density values. On the other hand, for finite u values only 
the pseudofermion scattering theory introduced in this paper is valid for such larger set of excited states. 
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